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S T U D Y  O N  THE S T A B I L I T Y  O F  B O U N D A R Y  L A Y E R S  A N D  
*. ' C O M P R E S S I B L E  F L U I D S 1  

H. Gropengiesser,  Diploma Engineer, Turbulence Research 
I n s t i t u t e  of the  DVL 

ABSTRACT. T h i s  paper is concerned'with t h e - s t a b i l i t y  of 
f r e e  boundary o r  shear layers  observed i n  j e t  flows and i n  
the wakes of b l u n t  bodies.  The inves t iga t ion  of inv isc id  
s t a b i l i t y  proper t ies  involved a laminar ve loc i ty  p r o f i l e  
which develops from a compressible vortex layer  under the  
inf luence o f  f l u i d  f r i c t i o n .  The ampliTication and propa- 
ga t ion  of phase ve loc i ty  of small-amplitude dis turbances 
were s t u d i e d  a s  a funct ion of d i s turbance  frequency and  
angle  of wave propagation a t  various Mach numbers and 
temperature r a t i o s .  The phase v e l o c i t i e s  of dis turbances 
r e l a t i v e  t o  flow can b e  l e s s  than o r  g r e a t e r  than t h e  speed 
of sound. Accordingly, the  dis turbance is c l a s s i f i e d  as  

, J 

t 

. subsonic o r  supersonic .  It is found t h a t  a change i n  the 
, -  cha rac t e r  of the  d is turbance  may involve- the ampl i f ica t ion  

of a second mode. 

1 Introduct ion /7* 

In  p a s t  yea r s ,  a l a r g e  number of papers on boundary-layer s t a b i l i t y  
s t u d i e s  have appeared which involved t h e  formation o f  turbulence i n  laminar 
flows. 
permits t h e  determinat ion of an upper boundary f o r  t h e  Reynolds number range 
($he so-ca l led  upper c r i t i c a l  Reynolds number) f o r  a p a r t i c u l a r  f low, 
within which t h e  laminar conf igura t ion  e x h i b i t s  s t a b l e  behavior with 
respec t  t o  a l l  d i s turbance .  
i n  which one laminar flow conf igura t ion  develops i n t o  another ,  exceeding 
t h e  c r i t i c a l  Reynolds number Re- always i n i t i a t e s  t he  f irst  s t e p  o f  t h e  

t r a n s i t i o n  process ,  s ince  d is turbances  c a r r i e d  i n t o  t h e  flow a r e  now 
amplified i n  t h e  d i r e c t i o n  of flow and form "nucleus c e l l s "  f o r  turbulence 
downstream. Un t i l  now, however, s t a b i l i t y  theory has  not been a b l e  t o  pro-  
v ide  any information regarding t h i s  mechanism. 

S t a b i l i t y  theory has reached t h i s  goal only t o  t h e  ex ten t  t h a t  it- 

If one does 'not  cons ider  s p e c i a l  types o f  flow 

, c r i t  

This  paper i s  concerned with t h e  s t a b i l i t y  of  f r e e  boundary l aye r s  o r  
sh'ear l aye r s  which a r e  formed from each wall, under t h e  inf luence  of a high 
v e l o c i t y  grad ien t  and f l u i d  f r i c t i o n .  They a r e  observed with f r e e  j e t s  and 
i n  t h e  wakes of b lun t  bodies  ( see  Figure 1 ) .  
t h e s e  boundary l aye r s  is t h e  i n f l e c t i o n  poin t  which occurs i n  t h e  v e l o c i t y  

An important c h a r a c t e r i s t i c  of 

I D i s s e r t a t i o n  accepted by t h e  Mechanical Engineering Facul ty  of t h e  
Engineering Univers i ty  of  Ber l in  f o r  t h e  Doctorate i n  Engineering. 

- _ _ _ - -  - 
*Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  fo re ign  t e x t .  



- 
p r o f i l e .  
p o i n t s  a r e  uns tab le  i n  a f r i c t i o n l e s s ,  incompressible f l u i d .  According t o  
Tollmien 1541, t h i s  " in f l ec t ion -po in t  c r i t e r i o n "  i s ,  as a r u l e ,  riot only a 
necessary bu t  a l s o  a s u f f i c i e n t  condi t ion .  This " in f l ec t ion -po in t  c r i t e r i o n "  
was phys ica l ly  i n t e r p r e t e d  by Lin [29] as a condi t ion  f o r  i n s t a b i l i t y  of 
t h e  equi l ibr ium of t h e  induct ion  e f f e c t s  o r i g i n a t i n g  a t  var ious  p o i n t s  i n  
t h e  flow. 
i n s t a b i l i t y ,  upon which t h e  f l u i d  f r i c t i o n  has  only one damping e f f e c t ,  

Rayleigh 1431 showed t h a t  v e l o c i t y  p r o f i l e s  with i n f l e c t i o n  

The i n s t a b i l i t y  of  f r e e  boundary l aye r s  i s  a pure  induct ion  

Such a boundary-layer i n s t a b i l i t y  was f irst  observed by Leconte [18] 
with gas  flames.  He found t h a t  a flame was shortened by t h e  e f f e c t  o f  
sound. Tyndall [ 5 5 ]  demonstrated t h e  cha rac t e r  of t h i s  i n s t a b i l i t y  by 
experimental  means.. 
t h a t  t h e  edges of t h e  j e t  developed v o r t i c e s  and became t u r b u l e n t .  A year  
l a t e r ,  while  s tudying v o r t i c a l  l a y e r s ,  which would a l s o  mark t h e  edges o f  
an i d e a l  f r i c t i o n l e s s  f r e e  j e t ,  Helmholtz [13] came t o  t h e  conclusion t h a t  
a d i s tu rbed  vo r t ex  l a y e r  must always be  formed as t h e  r e s u l t  of  s e l f -  
induct ion .  Mathematical confirmation of  t h i s  concept was provided by 
Rayleigh [42]. He was a b l e  t o  show, among o t h e r  t h i n g s ,  t h a t  a p lane  vor tex  
l a y e r  i n  a f r i c t i o n l e s s  f l u i d  i s  uns t ab le  r e l a t i v e  t o  small, wave-shaped 
d is turbances  of  a r b i t r a r y  frequency and wavelengths . ,  

He made a f r e e  a i r  j e t  v i s i b l e  wi th  smoke and observed / 8  - 

Many years  l a t e r ,  t h e  problem of  t h e  e f f e c t  of sound upon f r e e  boundary 
l a y e r s  was once more s tud ied  by G .  B .  Brown [3, 41. Brown found t h a t  sound 
can only have an e f f e c t  upon t h e  formation of  t h e  vo r t ex ,  b u t  not  upon i t s  
f u r t h e r  development, and t h a t  t h e  flow can b e  a f f e c t e d  only wi th in  a 
p a r t i c u l a r  range of sound f requencies .  
p a r t i c u l a r  frequency range can b e  explained by t h e  fact  t h a t  a f r ee  j e t  i n  
a r ea l  f l u i d  is bounded by a shear  l a y e r  of f i n i t e  t h i ckness ;  i n  c o n t r a s t  t o  

length ,  and a l l  f requencies  have equiva len t  e f f e c t s .  

The preference  exhib i ted  f o r  a 

' t h i s ,  a p lane  vo r t ex  l a y e r - i n  an i d e a l  f l u i d  possesses  no c h a r a c t e r i s t i c  

New, ex tens ive  s t u d i e s  on t h e  phenomenology of f r e e  j e t s  have been 
c a r r i e d  out  by Wille [58, 59, 60, 611 and h i s  co l leagues ,  Domm [7] ,  
Wehrmann [56, 571, T ime  [53] and Fabian [ l o ] .  With t h e  a id  of  hot-wire  
measurement techniques,  they  s tud ied  t h e  formation of  v o r t i c e s  wi th  and 
without  acous t i c  e f f e c t s ,  i n  f l a t  and round f ree  j e t s  i n  a i r  a t  Reynolds 
numbers of  Re = l o 3  t o  l o 5  and j e t  v e l o c i t i e s  o f  up t o  = 20 m / s .  The 

fol lowing concept was worked out  f o r  t h e  formation o f  f r e e - j e t  tu rbulence :  

experiences an undulat ion which'becomes h ighly  amplif ied i n  t h e  d i r e c t i o n  o f  
flow. 
decay three-dimensional ly  downstream and i n i t i a t e  t h e  turbulence .  

'The boundary l a y e r  separa ted  from t h e  nozzle  edge i n  a laminar manner 

The boundary l a y e r  subsequently r o l l s  i n t o  ind iv idua l  v o r t i c e s  which 

Sa to  [45, 46, 471 and Michalke and Wille [37] have measured t h e  
ampl i f i ca t ion  of  d i s turbances  induced a r t i f i c i a l l y  i n  f r e e - j e t  boundary 
l aye r s  at  low v e l o c i t i e s  by acous t i c  e f f e c t s .  
measurements have been c a r r i e d  out  by Freymuth [ l l] .  He found t h a t  t h e  d i s -  - /9 
turbance amplitudes i n  t h e  d i r e c t i o n  of  flow inc rease  exponent ia l ly  u n t i l  a 

New d e t a i l e d  and improved 

~ * P. -~ - 



, I tsaturat ion value" i s  reached. B y  c o r r e l a t i n g  hot-wire s i g n a l s  and smoke 
images of f r e e - j e t  boundary l a y e r s ,  Freymuth was ab le  t o  show t h a t  t h e  
boundary l aye r  becomes very wavy i n  t h e  reg ion  o f  exponent ia l ly  increas ing  
d is turbance  amplitude , whereas t h e  ac tua l  vortex-buildup process  occurs  i n  
t h e  "sa tura t ion  amplitude" reg ion .  

I 

I t  is due t o  h i s t o r i c a l  f a c t o r s  t h a t  a l l  t h e o r e t i c a l  s t a b i l i t i e s  
s t u d i e s  ' u n t i l  now have assumed t h e  ex is tence  of d i s turbances  amplified a s  a 
func t ion  of t ime, r a t h e r  than  loca t ion ,  a s  they  a c t u a l l y  occur i n  experiments.  
A comparison of t h e o r e t i c a l  and experimental r e s u l t s  was only poss ib l e  i f  

: t h e  timewise inc rease  i n  d is turbances  a t  a f i x e d  p o s i t i o n  was i n t e r p r e t e d  
> a s  three-dimensional development i n  t h e  d i r e c t i o n  of flow, using a l i n e a r  

I -- 

t ransformation with t h e  phase v e l o c i t y  of t h e  d is turbance  (see Schubauer and 
Skramstad [49] ) .  Since t h e  v e l o c i t y  p r o f i l e s  measured i n  t h e  f r e e - j e t  
boundary l aye r  a r e  descr ibed well by t h e  hyperbol ic- tangent  p r o f i l e ,  
Michalke [34, 361 ca l cu la t ed  t h e  s t a b i l i t y  behavior  of t h i s  p r o f i l e  with 
r e spec t  t o  small ,  two-dimensional, wave-shaped d is turbances ,  assuming 
s p a c i a l  and timewise n u l l i f i c a t i o n ,  f l a t  flow and f r i c t i o n l e s s  f l u i d .  
Michalke found t h a t  only t h e  s t a b i l i t y  ca l cu la t ions  f o r  s p a c i a l l y  amplified 
d is turbances  co r re l a t ed  proper ly  with t h e  experimental  r e s u l t s  of  Freymuth; 
t h e r e  was very good agreement with respec t  t o  magnitude o f  exponential  
ampl i f ica t ion  of t h e  d is turbances  and t h e i r  amplitude and phase curves a t  
low f requencies .  
ampl i f ica t ion  does not produce t h e  expected r e s u l t s  s ince ,  as Gaster  [12] 
has  shown t h e o r e t i c a l l y ,  t h e  t ransformation of  t h e  timewise ampl i f i ca t ion  
parameter mentioned above i s  permiss ib le  only f o r  s l i g h t l y  amplif ied d i s -  
turbances,  whereas a high ampl i f i ca t ion  of d i s turbance ,  as occurs  f o r  example 
i n  t h e  f r e e - j e t  boundary l aye r ,  a l s o  makes a s t a b i l i t y  ca l cu la t ion  f o r  
s p a c i a l l y  amplif ied d is turbances  necessary.  

I t  i s  a l s o  not su rp r i s ing  t h a t  t h e  theory of timewise 

The condi t ions  f o r  t h e  s t a b i l i t y  c a l c u l a t i o n s  on a f r e e  shear  l a y e r  i n  
a i r  a t  low v e l o c i t i e s  and with s p a c i a l  ampl i f i ca t ion ,  as c a r r i e d  out  by 
Michalke, w i l l  be  discussed once more i n  d e t a i l ,  s ince  they a l s o  form p a r t  
of t h e  foundation f o r  t h e  a u t h o r ' s  own c a l c u l a t i o n s :  

1. The c a l c u l a t i o n s  a r e  based on incompressible d is turbance  equat ions.  /10 - 
It  w i l l  be  shown l a t e r  t h a t  t h i s  i s  only poss ib l e  i f  t h e  tempera- 
t u r e  d i f f e rences  occurr ing i n  the  boundary l aye r  a r e  small. 

2 .  The p r i n c i p a l  flow was assumed t o  b e  p l a n a r ,  a s t e p  which i s  always 
poss ib l e  i f  t h e  dimensions of  t h e  co re  of  t h e  j e t  a r e  l a r g e  
r e l a t i v e  t o  t h e  boundary-layer t h i ckness .  

3 .  The flow was assumed p a r a l l e l ,  i . e .  , it possessed only a v e l o c i t y  
component i n  t h e  d i r e c t i o n  of flow. This  assu_mption i s  approxi- 
mately v a l i d  f o r  a l l  flows with boundary-layer cha rac t e r .  
add i t ion ,  a change i n  t h e  v e l o c i t y  p r o f i l e  i n  t h e  flow d i r e c t i o n  
was not  considered. 

In  
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4. The s t a b i l i t y  c a l c u l a t i o n  was c a r r i e d  out f o r  f r i c t i o n l e s s  con- 
d i t i o n s  (Re + a), i .  e . ,  it was assumed t h a t  t h e  only effect  of  
a f l u i d  f r i c t i o n  i s  t h e  forination of t h e  v e l o c i t y  p r o f i l e  and 
t h a t  t h e  d is turbance  motion can be descr ibed with f r i c t i o n l e s s  
cha rac t e r  (induced i n s t a b i l i t y ) .  This  assumption i s  j u s t i f i e d  by 
Freymuth's measurements and by Lessen's [ 2 2 ,  261 t h e o r e t i c a l  
s t u d i e s  on t h e  s t a b i l i t y  o f  t h e  Lock p ro f i l e1 )wi th  s p a c i a l  
ampl i f i ca t ion  and low Reynolds numbers i n  a compressible f l u i d .  
Figure 2a shows t h e  effect  of f l u i d  f r i c t i o n  upon t h e  d i s -  
turbance-wave number f o r  va r ious  degrees  of  ampl i f i ca t ion .  One 
can see t h a t  t h e  Lock p r o f i l e  f o r  Re < 3.7 i s  completely s t a b l e  
and t h a t  t h e  wave numbers f o r  l a r g e  Reynolds numbers (according 
t o  F igu re .  2b, '  f o r  Re > 300) a r e  s t i l l  only a func t ion  o f  t h e  ' 
ampl i f i ca t ion  and can thus  b e  determined from a f r i c t i o n l e s s  
s t a b i l i t y  computation. 
ampl i f i ca t ion  f o r  f i n i t e  Reynolds number i s  always smaller than  
ampl i f i ca t ion  i n  t h e  f r i c t i o n l e s s  case, and t h u s  t h e  f l u i d  
f r i c t i o n  has  only a damping e f f e c t  ( see  Betchov [ l ] ) .  

Figure 3 shows t h a t  t h e  d is turbance  

5. Disrupt ion  amplitudes were assumed t o  be s m a l l ' r e l a t i v e  t o  t h e  - /11 
corresponding pr inc ipa l - f low q u a n t i t i e s ,  so  l i n e a r i z e d  equat ions 
can b e  used.  
pu re ly  exponent ia l  r a t e  of  growth. Michalke [35, 361 was a b l e  t o  
u s e  t h i s  s impl i f i ed  theo ry  f o r  approximately c a l c u l a t i n g  t h e  I 

r o l l i n g  of  t h e  f r e e - j e t  boundary layer ,  although t h e  measurements ' 
by Freymuth [ll] have shown t h e  nonl inear  cha rac t e r  of  t h i s  
r o l l  ing . 

Thus t h e  d is turbances  a r e  found t o  experience a 

6. I t  was assumed t h a t  t h e  undulat ing d is turbances  a r e  propagated only 
i n  t h e  d i r e c t i o n  of  flow (two-dimensional d i s tu rbances ) .  I t  
should b e  noted h e r e  t h a t ,  according t o  Squ i re ' s  theorem [50],  
two-dimensional d i s turbances  involve a smaller upper c r i t i c a l  
Reynolds number than  three-dimensional d i s turbances  i n  incompres- 
s i b l e ,  p l ane  flow; t h e s e  a r e  d is turbances  which a r e  propagated a t  
an angle  0 t o  t h e  d i r e c t i o n  o f  flow (see Sec t ion  3 ) .  In  o the r  
words, two-dimensional d i s turbances  a r e  more s t r o n g l y  amplif ied 
than  three-dimensional ones i n  incompressible flow, a f a c t  which 
is a l s o  supported by t h e  a u t h o r ' s  c a l c u l a t i o n s  f o r  t h e  Lock p r o f i l e  
( see  Figures  32 through 34) .  

measured and ca l cu la t ed  ampl i f i ca t ion  parameters,  one can conclude 

propagated a t  t h e  angle  0 t o  t h e  d i r e c t i o n  of  flow which i s  

* 

From t h e  good agreement between t h e  

. t ha t  a d is turbance  produced a r t i f i c i a l l y  i n  t h e  boundary l a y e r  i s  

l I n  t h i s  paper ,  Lock p r o f i l e  r e f e r s  t o  t h e  v e l o c i t y  p r o f i l e  formed from a 
plane discont inuous p r o f i l e  under t h e  inf luence  of  f l u i d  f r i c t i o n .  
first ca l cu la t ed  by Lock 1301 f o r  incompressible f l u i d s ,  and l a t e r  by 
Chapman [6] f o r  compressible f l u i d s  ( c f ,  Sec t ion  2 ) .  

I t  was 
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* assoc ia t ed  with t h e  g r e a t e s t  degree of ampl i f i ca t ion  o r  f o r  which 
it can remove a maximum l e v e l  of f l u c t u a t i o n  energy from t h e  
p r i n c i p a l  f low. However, t h i s  conclusion does not  appear t o  be 
completely c e r t a i n ,  due t o  t h e  small  number of a v a i l a b l e  exper i -  
mental r e s u l t s  (see W. B .  Brown [5] and Mack [33]).  

The first t h e o r e t i c a l  s t a b i l i t y  s t u d i e s  which t ake  t h e  effect  of t h e  
compress ib i l i t y  of  t h e  flowing medium i n t o  cons idera t ion  were c a r r i e d  ou t ,  
among o t h e r s ,  by Lees and Lin [19],  Lees [20], Dunn and Lin [9] ,  Reshotko , 
[44] and Lees and Reshotko [21]  f o r  wall boundary l a y e r s ,  and by 
Landau [16], P a i  1411, Lin [28], Lessen, Fox and Zien [23 ,  2 4 ,  251 and 
Miles [39] f o r  f r e e  boundary l a y e r s .  The r e s u l t s  obtained up t o  1955 have 
been summarized by Lin 1291. 

The d i f f i c u l t i e s  introduced i n t o  t h e  s t a b i l i t y  s t u d i e s  through con- 
s i d e r a t i o n  of t h e  compress ib i l i t y  of  t h e  f l u i d  r e s u l t  from t h e  i n t e r a c t i o n  
between t h e  mechanical and i n t e r n a l  
by t h e  coupling between v e l o c i t y  and temperature  p r o f i l e s  of t h e  flow, and 
from t h e  f a c t  t h a t  the flow v e l o c i t y  and t h e  phase v e l o c i t y  of  t h e  flow 
can b e  on  t h e  order  o f , t h e  v e l o c i t y  of  sound. 
marked change i n  t h e  v e l o c i t y  and temperature  p r o f i l e s  and a t  t h e  same time 
a f f e c t s  t h e  development of d i s tu rbances .  
[19] poin ted  out  t h e  p o s s i b i l i t y  t h a t  a d is turbance  and compressible flow 
can produce a t u r b u l e n t  t r a n s i t i o n ,  b u t  can a l s o  lead t o  t h e  formation of a 
shock. I t  was found d e s i r a b l e  t o  c h a r a c t e r i z e  t h e  d is t rubances  as  sub- 
sonic ,  s o n i c  o r  supersonic ,  depending upon t h e i r  behavior o u t s i d e  t h e  
boundary l a y e r .  
tu rbance  i n  t h e  d i r e c t i o n  of  flow, r e l a t i v e  t o  t h a t  of t h e  f l u i d ,  i s  less ~ 

than ,  equal t o ,  o r  g r e a t e r  than  t h e  l o c a l  sonic  v e l o c i t y  of  t h e  gas .  

energy of t h e  f lowing gas ,  manifest  / 1 2  

Compress ib i l i ty  produces a 

I n  t h i s  connection, Lees and Lin 

This  i s  meant t o  i n d i c a t e  t h a t  t h e  ve loc i ty -o f  t h e  d i s -  

The two most i n t e r e s t i n g  r e s u l t s  obtained f o r  compressible wal l  boundary 
l a y e r s  i n d i c a t e  (see Lees and Lin [19]) t h a t  t h e  upper c r i t i c a l  Reynolds 
number inc reases  with inc reas ing  Mach number and with decreas ing  wall 
temperature .  I n  o the r  words, i nc reas ing  Mach number and cool ing of  t h e  flow 
s t a b i l i z e  t h e  wall boundary l a y e r .  These r e s u l t s  were obtained by Lees [20] 
f o r  Mach number M 5 1 . 3  and two-dimensional ~ subsonic  d i s tu rbances .  I n  
more recent art icles,  Mach [31, 32, 331 po in t s  ou t  t h a t  f o r  M > 2 .2 ,  t h e  
s t a b i l i t y  behavior  of wal l  boundary l a y e r s  ?s changed markedly by t h e  
occurrence of supersonic  d i s tu rbances .  The c a l c u l a t i o n s  show t h a t ,  i n  
add i t ion  t o  t h e  f irst  d is turbance  mode covered by Lees [ZO], o the r  modes 
with smaller and smal le r  disturbance-wavelengths a r e  a l s o  poss ib l e ,  of which 
t h e  second mode i s  most s t rong ly  ampl i f ied  and thus  determines t h e  s t a b i l i t y  
behavior  o f  wall boundary l a y e r s  f o r  Mach numbers M > 2 . 2 .  The r e s u l t  i s  
t h a t  t h e  upper c r i t i c a l  Reynolds number becomes almost independent of t h e  
temperature  condi t ions  a t  t h e  wall f o r  h igh  Mach numbers. 
effect  is  produced by cool ing only s o  far  as t h e  " in t eg ra l  ampl i f ica t ion"  of  
a d i s tu rbance  decreases  with decreas ing  wall temperature due t o  t h e  inc reas -  
i ng  Reynolds number i n  t h e  d i r e c t i o n  of  flow. " In t eg ra l  ampl i f ica t ion"  
refers t o  t h e  ampl i f i ca t ion  which a d is turbance  i n  t h e  boundary l aye r  under- 
goes when t h e  changing v e l o c i t y  p r o f i l e  i n  t h e  d i r e c t i o n  of  flow and t h e  

. 

A s t a b i l i z i n g  

' 

_ _  - - - .. - 
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l o c a l  ampl i f i ca t ion  parameter,  which changes with i t ,  a r e  taken i n t o  
cons idera t ion .  

Mack a l s o  found t h a t  f o r  Mach numbers M > 3.8,  t h e  s t a b i l i t y  behavior  
The maximum ampl i f i ca t ion  i s  of wall boundary l aye r s  changes considerably.  

only reached a s  Re -f a, and f l u i d  f r i c t i o n  has  only a damping e f f e c t ,  as 
was a l s o  found f o r  imcompressible, f r e e  boundary l aye r s ;  only t h e  c r i t i c a l  
Reynolds number i s  very  much g r e a t e r  f o r  wal l  boundary l aye r s  than  f o r  f r e e  
boundary l a y e r s .  I t  was t h u s  poss ib l e  t o  c a r r y  out  f r i c t i o n l e s s  d i s t u r b -  
ance c a l c u l a t i o n s  f o r  h igh  Mach numbers. Mack and W .  B .  Brown [SI a l s o  
ca l cu la t ed  t h e  ampl i f i ca t ion  of three-dimensional d i s turbances  of  t h e  f irst  
mode and found t h a t  they  are much more h igh ly  amplif ied a t  high Mach numbers 
than  two-dimensional d i s tu rbances .  

Experimental s t u d i e s  on t h e  ampl i f i ca t ion  of  a r t i f i c i a l l y  induced 
d is turbances  i n  wall boundary l aye r s  were c a r r i e d  o u t ,  among o t h e r s ,  by 
Laufer and Vrebalovich I171 and Kendall [15]. Comparison with theory  only 
showed s a t i s f a c t o r y  agreement f o r  maximum ampl i f i ca t ion  i f  one assumed t h a t  
t h e  d is turbances  were propagated a t  an angle  0 = 60°, f o r  which t h e  theory  
g ives  a maximum ampl i f i ca t ion  of  t h e  f i rs t  mode. 
improve t h e  agreement by t ak ing  t h e  e f f e c t  of  t h e  v component of  t h e  p r i n c i -  
pa l  flow i n t o  cons idera t ion  i n  h i s  s t a b i l i t y  c a l c u l a t i o n s .  However, one 
should s t i l l  exe rc i se  caut ion  i n - a s s e s s i n g  t h e  l e v e l  of agreement a t t a i n e d ,  
s i n c e  un fo r tuna te ly  a l l  of  t h e  t h e o r e t i c a l  works c i t e d  are s t i l l  based upon 
t h e  concept o f  timew,ise-amplified d is turbances ,  and i n  add i t ion ,  t h e r e  i s  
no experimental  proof o f  t h e  three-d imens iona l i ty  o f  t h e  d is turbance  f o r  
t h e  work of  Laufer and Vrebalovich .[17].. 

W .  B. .  Brown was a b l e  t o  

From t h e  S tud ie s  by Mack, which have shown t h e  change i n  t h e  i n s t a -  
b i l i t y  cha rac t e r  of  wall boundary l aye r s  with inc reas ing  Mach number, one 
can conclude, with a c e r t a i n  degree o f  j u s t i f i c a t i o n ,  t h a t  t h e  i n s t a b i l i t y  
behavior  o f  f r e e  boundary l aye r s  i s  a l s o  s a t i s f a c t o r i l y  descr ibed i n  com- 
p r e s s i b l e  f l u i d s ,  q u a l i t a t i v e l y  and q u a n t i t a t i v e l y ,  by a f r i c t i o n l e s s  
d is turbance  c a l c u l a t i o n .  

The a r t i c l e s  quoted above regarding f r e e  boundary l a y e r s  i n  gases  thus  
a l l  s tudy  t h e i r  f r i c t i o n l e s s  s t a b i l i t y  behavior .  
cover t h e  compressible v o r t e x  l a y e r  ( see  P a i  [41], Lessen, Fox and Zien 

Zien [25, 271 are  concerned with t h e  s t a b i l i t y  of  t h e  Lock p r o f i l e .  These 
works are l imi t ed  t o  determinat ion o f  t h e  n e u t r a l  d i s turbances  as a func t ion  
of  Mach number and angle  of  incidence of  t h e  d is turbances .  
of  t h e  t r a n q u i l  surroundings was-always equal t o  t h e  i s e n t r o p i c  s t agna t ion  
temperature;  t h i s  refers t o  t h e  temperature which i s  achieved i f  t h e  p r i n c i -  
p a l  flow is  dece le ra t ed  i s e n t r o p i c a l l y  t o  zero v e l o c i t y .  Lessen found a 
change i n  t h e  cha rac t e r  o f  n e u t r a l  d i s turbances  with inc reas ing  Mach number: - 
While t h e  d is turbance  equat ions f o r  two-dimensional n e u t r a l  d i s turbances  
remain r e g u l a r  a t  low Mach numbers, they become s i n g u l a r  f o r  l a r g e r  Mach 
numbers. Mack found similar n e u t r a l  s o l u t i o n s  i n  t h e  f r i c t i o n l e s s  d i s t u r b -  
ance computations f o r  wall boundary l a y e r s  and coined t h e  phrase "s ingular  

While ve ry  many a r t i c l e s  

[23 ,  241 and Miles [39]) ,  t h r e e  s t u d i e s  by-Lin [28] and Lessen, Fox and - /14 

The temperature 

- 



n e u t r a l  so lu t ions"  f o r  them. 
ampl i f ica t ion  of  d i s turbances  has  not  been made f o r  compressible f r e e  
boundary',layers . 

A computation of t h e  timewise o r  s p a c i a l  

. ,  
This paper provides  s e v e r a l  new r e s u l t s  regard ing  t h e  s p a c i a l  ampl i f i -  

c a t i o n  of two-dimensional and three-dimensional d i s turbances  i n  t h e  f r e e  
boundary l a y e r s ,  t ak ing  i n t o  cons idera t ion  t h e  e f f e c t  of Mach number and 
temperature  of t h e  quiescent  surroundings.  
ou t  f o r  Mach numbers 0 5 M 5 3 and environment temperatures  0 .6  < T2 < 2 f o r  

a i r  unde r ' t he  condi t ions  d iscussed  above. 
t h e  Mach number has  a s t a b i l i z i n g  e f fec t .  
t h a t  cool ing of t h e  f r e e  j e t  makes t h e  boundary l a y e r  uns t ab le .  
o f , t h e  temperature of t h e  surroundings i s  reversed with t h e  occurrence of  
supersonic  d is turbances ,  and cool ing  of t h e  free j e t  now has  a s t a b i l i z i n g  
e f f e c t .  I t  is shown, moreover, under what condi t ions  s i n g u l a r  n e u t r a l  
d i s turbances  occur as a l i m i t i n g  case of  amplif ied d is turbances  and how they  
come under t h e  r egu la r  n e u t r a l  s o l u t i o n s .  The t r a n s i t i o n  i s  r e l a t e d  t o  t h e  
occurrence of a second, though r e l a t i v e l y  weakly amplif ied mode, The 
ampl i f i ca t ion  of h igher  modes was not  found, b u t  t h e i r  ex i s t ence  can not  b e  
r u l e d  o u t .  

The c a l c u l a t i o n s  were c a r r i e d  

L - - L - 
As f o r  t h e  wall boundary l a y e r ,  
On t h e  o t h e r  hand, one f i n d s  

The e f f e c t  

- A l l  numerical c a l c u l a t i o n s  were c a r r i e d  out  on a Type Z 23V d i g i t a l  
computer from the Zuse Co., Bad Hersfeld.  

/15 - -  2 .  Computation o f  the Undisturbed Plane Pr inc ipa l  F l o w  ~~ 

The laminar v e l o c i t y  p r o f i l e  of  t h e  f r e e  boundary l a y e r ,  on which t h e  
s t a b i l i t y  s tudy  is  based,  i s  produced from a p lane  vo r t ex  l a y e r  through 
t h e  effect of f l u i d  f r i c t i o n  (Figure 1). 
manner is  a good approximation f o r  a f ree  j e t  with a l a r g e  j e t  core  and 
t h i n  wall boundary l aye r  a t  t h e  nozzle  o u t l e t .  
a Lava1 nozz le  i s  r equ i r ed  which is cor rec ted  f o r  flow pa ra l l e l i sm.  

A v e l o c i t y  p r o f i l e  computed i n  t h i s  

For a supersonic  f ree  j e t ,  

2.1 I n i t i a l  Equations 

The i n i t i a l  equat ions f o r  computing t h e  p r i n c i p a l  plane f low are f i rs t  
given f o r  dimensional q u a n t i t i e s  (symbols with a s t e r i s k s )  and only l a t e r  
made dimensional by  s u i t a b l e  means (symbols without  a s t e r i s k s ) .  I t  i s  
assumed t h a t  t h e  p r i n c i p a l  flow has boundary-layer cha rac t e r  so  t h a t  t h e  
known boundary-l.ayer s i m p l i f i c a t i o n s  apply.  
cons t .  is  t o  p r e v a i l  throughout t h e  e n t i r e  flow volume. The flowing medium 
is  t o  obey t h e  thermal equat ion of s t a t e  f o r  i d e a l  gases .  
t h e  s p e c i f i c  h e a t s  of  t h e  gases  can then  a l s o  be  a func t ion  of  temperature.  
The v e l o c i t y  components u* and v* and t h e  dens i ty  p *  and temperature  T* a r e  
then  ca l cu la t ed  from t h e  fol lowing equat ions:  

I n  a d d i t i o n ,  p re s su re  p* = 

As i s  wel l  known, 



Continui ty  equat ion:  

Energy equat ion : 

. . . . . .  . . .  . . . . . . .  - ... 

Thermal equat ion of s t a t e  f o r  i d e a l  gases:  

The fol lowing boundary equations apply: , 
. . . . . . . . . . . . . . . . . . . . . . . .  .- . ._ ... - . .  ~ ~ 

Y " -  + -  

* #  
, y * - - m  u* (X",y") = u; = 0 T % ( x  ,y T2)c- 

. . . .  

2.2 Transformat ion o f  t he  I n i t i a l  Equations 

According t o  Busemann and Crocco (see Sch l i ch t ing  [48]) ,  it i s  p o s s i b l e  
t o  s a t i s f y  t h e  energy equation (2.3) i d e n t i c a l l y  under c e r t a i n  condi t ions  
by us ing  a s u i t a b l e  equation f o r  t h e  temperature .  If one in t roduces  i n t o  
t h e  boundary-layer equat ions (2.1) t o  (2.3) t h e  assumption t h a t  temperature  
i s  dependent only upon t h e  v a r i a b l e  u*, equat ion (2.3) y i e l d s :  

For gases ,  t h e  Prandt l  number 

.......... . .  

i s  independent o f  temperature over wide ranges,  s o  (2 .6 )  can b e  w r i t t e n  i n  
t h e  form: 
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The s ta tement  T* = T*(u*) i s  thus  a s o l u t i o n  t o  t h e  system of 
equat ions f o r  P r  = 1 and 

' d2TK I 1 du w 2 = - -  cp= ' 
. .  

The fo l lowing  s t u d i e s  are t o  be  l imi t ed  t o  gases  whose Prandt l  

(2.7) 

i 

(2.8) 

numb er  s 
are approximately equal t o  1 and f o r  which t h e  change i n  s p e c i f i c  hea t  i s  
n e g l i g i b l e  f o r  temperature  range occurr ing  i n  t h e  boundary l a y e r ,  i . e . ,  w e  
make t h e  o v e r a l l  assumptions,  f o r  t h e  f lowing gas ,  t h a t  P r  = 1 and c * = 

cons t .  I n  t h i s  case ,  however, (2 .8)  can be  i n t e g r a t e d  twice ,  t ak ing  t h e  
boundary condi t ions  (2.5) i n t o  cons ide ra t ion ,  and one ob ta ins :  

P 

_._- . . -  ................. - .  - - .  ......... - ..... . . . . . . . . . . . . . . . . . . .  

---_. .A- -. _ _  _ _  . _ _ _  - r - ----- 

Equation (2.9) shows t h e  coupling between v e l o c i t y  p r o f i l e  and temperature 
p r o f i l e .  This  i d e n t i c a l l y  s a t i s f i e s  t h e  energy equat ion (2 .3) .  Dimension- 
l e s s  q u a n t i t i e s  are introduced f o r  f u r t h e r  t rea tment  of t h e  system of 
equat ions (2.1) , ( 2 . 2 )  and (2.4) f o r  determining t h e  v e l o c i t y  components 
u* and v* and t h e  dens i ty  p*: The flow parameters i n  t h e  undis turbed f r e e  
j e t  f o r  y* = +; ( subsc r ip t  1 )  a r e  used as re ference  q u a n t i t i e s .  
r e f e rence  length  1' which i s  introduced only  becomes a v a i l a b l e  a t  t h e  end 
of  t h i s  Sec t ion .  
fol lowing dimensionless c h a r a c t e r i s t i c s :  

The 

The laminar p r i n c i p a l  f low is  then  descr ibed  by t h e  

-- .------ 
I 

Reyno 1 ds number 

Mach number 

I s e n t r o p i c  exponent 
, 

Equations (2.1) , (2 ;2)  ani 
form : 

(2.10) 

(2.4) then  have t h e  fol lowing d,,nensionlesk 



. .  . .  

. . .. . . . . 

(2.11) 

, (2.12) 

(2.13) 
. . . . . . 

For t h e  coupling condi t ion ,  equation (2.9), i n  dimensionless form, 
. -. - ._ - , 

(21.14) 

- - .- _.. _ _ _  

By introducing a stream funct ion ,  one can first s a t i s f y  t h e  con t inu i ty  - /18 
equation (2.12) i d e n t i c a l l y :  

pv = -  -- a d )  (2.15) 
a x  * 

- 

- . .- _ -  - _ _  

Employment of a t ransformation given by L .  Howarth [see Schl ich t ing  [48] )  
makes it poss ib l e  t o  give t h e  equation almost t h e  same form as  f o r  incompres- 
s i b l e  flow. 
i n  accordance with t h e  equation 

In L .  Howarth's work, a new, independent v a r i a b l e  Y i s  def ined 

(2.16) 

1 f . t h e  stream funct ion  Y and t h e  new coordinate  Y a r e  introduced i n t o  
the boundary-layer equation (2.11) and t h e  gas equation (2.13) i s  taken 
i n t o  cons idera t ion ,  t h e  r e s u l t  i s  . 

(2.17) 

The t ransformation 

. . p. __. ~- . -  - 



? 
I... . . . . .  . . . .  ..... 

can be used t o  reduce t h e  p a r t i a l  d i f f e r e n t i a l  equat ion (2 .17)  t o  t h e  
fol lowing ord inary  th i rd -o rde r  d i f f e r e n t i a l  equat ion  F: I 

..... - .  ....... . . .  . . . . . . . . . . . .  ...,. .... ' ,  

(2.18) 

(2.19) 

. . .  . . . . . . . .  , . . -  - ... . 

' 

Assuming t h a t  ' the  dynamic v i s c o s i t y  u o f  t h e  gas can be  approximated 
l i n e a r l y  i n  t h e  temperature  range under cons idera t ion ,  expressed i n  
dimensionless n o t a t i o n  by P = T,  (2.19) i s  converted i n t o  t h e  corresponding 
equat ion f o r  incompressible  flow: 

._ _ -  . _ _ _  - 
(2.20) 

. . . . . .  . ,  

- -Chapman 163 solved (2.19) numerical ly  f o r  a i r  with t h e  approximation 
u = T and t h e  more exact  Suther land equat ion P = To*7s f o r  dynamic v i s c o s i t y .  
The two r e s u l t s  d e v i a t e  from each o t h e r  by only  a small amount, so  t h e  
v e l o c i t y  p r o f i l e  can be ca l cu la t ed  by numerical i n t e g r a t i o n  of t h e  
d i f f e r e n t i a l  equat ion (2.20) .  For s p e c i a l  va lues  of  Mach number M and 
environment temperature  T 
r e s u l t s  t o  t h e  (x, y ) -coord ina te  system using (2.16) and (2.18) : 

t h e  p r o f i l e s  are obta ined  by convert ing t h e  2' 

I 

/19 

...... --z ............. ... 

(2.21) 

I n  p a r t i c u l a r ,  y m  = rl is obtained f o r  M = 0 and T(y) = T2 = 1, which 

shows i t s  r e l a t i o n s h i p  t o  t h e  incompressible problem. 
of (2.20) was c a r r i e d  out  by Lock E301 with t h e  boundary condi t ions  

Numerical i n t e g r a t i o n  

I 

. . . . . . . . . . . .  

F' =u2 = O  ; 
- - .  

(2.22) 

and t h e  requirement t h a t  t h e  f low-div is ion  l i n e  co inc ide  with t h e  x -ax i s .  
The f low-div is ion  l i n e ,  o r i g i n a t i n g  a t  t h e  nozz le  edge, i s  s o  def ined t h a t  
t h e  momentum l o s s  of t h e  p r i n c i p a l  flow above t h e  d i v i s i o n  l i n e  i s  recovered 
i n  t h e  flow below t h e  d i v i s i o n  l i n e .  From t h e  s o l u t i o n  curve F = F(rl), 



equat ions (2.15),  (2 .18)  and (2.21) y i e l d ,  fol lowing severa l  in te rmedia te  
ca l cu la t ions ,  t h e  v e l o c i t y  components 

- .. 

. .. 

where T = T(F’(r7)) .  For momentum th ickness  6, Lock f i n d s  

(2.23) 

(2.24) 

Momentum th ickness  is thus  independent of Mach number and environment 
temperature .  If (2.24) i s  again w r i t t e n  with dimensional q u a n t i t i e s ,  one 
ob ta ins  

- 1  --_- _. 

It  can be  seen t h a t  t h e  momentum th ickness  is a c h a r a c t e r i s t i c  length  
i n  t h e  problem; f o r  t h i s  reason the r e fe rence  length  1“ i s  chosen pro- 
p o r t i o n a l  t o  t h e  momentum th ickness :  

(2.25) 
1 

\ -  
I In  t h e  fol lowing,  t h e r e f o r e ,  we use 

. . . ... . , . . . -. . ~. . .  ~. - - ...~- .- - - .  ---. ..... 

. _ _ _  . -- _._ -. 

2.3- Solution to Differential Equation (2.20) 

The p r o f i l e s  ca l cu la t ed  f o r  t h e  u and v components of  v e l o c i t y  and t h e  

One can see t h a t  t h e  temperature  p r o f i l e s  a r e  
temperature a r e  shown i n  Figures  4,  5 and 6 f o r  va r ious  Mach numbers M and 
environment temperatures T 

e f f ec t ed  much more by t h e  Mach number than  t h e  v e l o c i t y  p r o f i l e s  o f  t h e  u 
component. 

numerical r e s u l t s  y i e l d  

2 ‘  

For t h e  boundary-layer th ickness  6 (ul = 0.999; u2  = 0.001), t h e  

/20 

, 

1 2  



; 6 = 5,608 4- 0,249 M L  -I- 10,192 T2 
I 1 

which c l e a r l y  shows t h e  g r e a t  e f f e c t  of environment temperature  upon 
boundary-layer t h i ckness .  . 

(2.26) 

t h e  

I t  was found t h a t  t h e  v e l o c i t y  p r o f i l e  u = u(Y) can b e  approximated 
wel l  by t h e  genera l ized  hyperbol ic- tangent  p r o f i l e ,  i n  accordance with 
Michalke [38] : 

(2.27) 

with a = 0.307257, b = 3.695640, Y o  = 2.127137. Lock's r e s u l t s  a r e  given - / 2 1  

very well by t h i s  func t ion  up t o  t h e  t h i r d  d e r i v a t i v e .  
t h e  i n f l e c t i o n  p o i n t  a r e  independent of  Mach number and environment tempera- 
t u r e ,  Y = ' y  = 0 and u = 0.5873. 

The coord ina tes  of 

For t h e  v-component a t  t h e  boundary-layer edges,  t h e  computation - 
( c f .  F igure  5) y i e l d s  

- 

A t  cons tan t  environment temperature  T2, 

.. . 

(2.28) 

app l i e s  f o r  t h e  r a t i o  of  t r a n s v e r s e  v e l o c i t y  t o  pr inc ipa l - f low v e l o c i t y  
wi th in  t h e  j e t .  
near  t h e  forward nozzle  edge (x = 0 ) ,  f o r  very small Reynolds numbers and i n  
t h e  hypersonic  reg ion .  
v << u f o r  x # 0 .  The boundary-layer flow can t h e r e f o r e  b e  t r e a t e d  a s  p lane  
p a r a l l e l  .f low f o r  a good approximation. 

Both components can thus  be  of t h e  same o rde r  of magnitude 

I n  t h i s  work, it was assumed that  Re = 00, so  

Due t o  t h e  r e fe rence  length 1* = l*(x*)  which was chosen, t h e  v e l o c i t y  
p r o f i l e  u given by (2.27),  on which t h e  s t a b i l i t y  computation i s  based,  and , 

t h e  temperature  p r o f i l e  T given by (2.14) a r e  only  func t ions  of t h e  Y- 
coord ina te  o r  y-coordinate  ( s imi l a r  p r o f i l e s ) .  Thus t h e  s t a b i l i t y  s tudy  
a l s o  y i e l d s  "s imi la r"  Eigenfunct ions,  though which t h e  secondary e f f e c t  of 
f l u i d  f r i c t i o n  upon t h e  " i n t e g r a l  ampl i f ica t ion"  of a d i s tu rbance  i n  t h e  

- .  .~ 



d i r e c t i o n  of flow i s  expressed. 
t h e  ampl i f ica t ion  which a d is turbance  i n  t h e  boundary l a y e r  experiences,  
t ak ing  i n t o  cons idera t ion  t h e  boundary-layer p r o f i l e  o f  t h e  p r i n c i p a l  f low,  
which changes i n  t h e  d i r e c t i o n  of  flow. 

Again, " in t eg ra l  ampl i f ica t ion"  r e f e r s  t o  

1 

3 .  Derivation o f  the Linearized F r i c t i o n l e s s  Disturbance Equation and - /22 
I Formulation of  the Eigenvalue problem 

3 . 1  I n i t i a l  Equations 

In  order  t o  de r ive  t h e  l i n e a r i z e d  f r i c t i o n l e s s  d is turbance  equat ions,  
one s tar ts  with t h e  motidn equat ions ,, t h e  con t inu i ty  equat ion and t h e  
energy s ta tement  and Car t e s i an  coordinates  f o r  a f r i c t i o n l e s s  f l u i d ,  and 
with t h e  equat ion of s t a t e  f o r  i d e a l  gases ,  which i n  dimensionless form are 

- . .. .- . . . . . . . 

~ ~. 

3.2 Linearized Disturbance Equations 

Equation (3 .1 )  i s  v a l i d  f o r  t h e  d i s tu rbed  flow, as well as f o r  t h e  
undis turbed p r i n c i p a l  f low. 
i . e . ,  t h e  vo r t ex  s t r eng th  e x i s t i n g  i n  t h e  v e l o c i t y  p r o f i l e  a t  one po in t  i n  
time i s  not  sub jec t  t o  a change caused by d i s s i p a t i o n .  The d is turbed  flow 
is now resolved i n t o  t h e  s t a t i o n a r y  p r i n c i p a l  flow, t h e  s t a b i l i t y  of which 

The p r i n c i p a l  flow i s  assumed f r i c t i o n l e s s  he re ;  

. P. 



- 
is' t o  b e  s tud ied ,  and a superimposed d is turbance  motion, whjch changes 
with t ime. 
ind iv idua l  parameters of  t h e  flow : 

In  a p l ane  p a r a l l e l  f low, one can s t a t e  t h e  fol lowing f o r  
I 

- I . . - - - . . . _  - . - _  

o r ,  i n  genera l ,  Q = q ( y )  + Q' (x ,  y ,  z ,  t ) ,  where Q i s  a parameter of  t h e  
p r i n c i p a l  flow and Q '  is  t h e  corresponding turbulence  va lue .  If (3.2) i s  
s u b s t i t u t e d  i n t o  [3 .1) ,  a l l  terms which conta in  only pr inc ipa l - f low quan- 
t i t i e s  cancel  o u t ,  - s i n c e  t h e  undis turbed flow s a t i s f i e s  (3 .1 ) .  
assumes t h a t  Q '  << Q f o r  a l l  d i s tu rbance  va lues ,  t h e  equat ions i n  t h e  
turbulence  va lues  can b e  l i n e a r i z e d ,  and one o b t a i n s :  

If one 

3 . 3  Wave-Form Disturbance Equation 

Since t h e  c o e f f i c i e n t s  a r e  func t ions  only of  t h e  independent v a r i a b l e  y ,  
t h e  fol lowing wave-form equat ion f o r  t h e  d i s tu rbance  i s  p o s s i b l e :  

.- -. -_ ,_ - _ _  - - - _ .  . .. ._ 



-- 
In t h i s  way t h e  system of  p a r t i a l  d i f f e r e n t i a l  equat ions i s  reduced t o  /24  

I ,  
- 

ordinary  d i f f e r e n t i a l  equat ions.  The amplitude func t ion  q(y) , t h e  wave 
numbers a and y and t h e  frequency B can b e  complex. 
of Q '  has  phys ica l  meaning, of course.  
d i s turbance  value does not  mean a l i m i t a t i o n  upon g e n e r a l i t y ,  s i n c e  any 
a r b i t r a r y  d is turbance  can be  represented  by a s u i t a b l e  Fourier  series o r  a 
Fourier  i n t e g r a l .  

Only t h e  r e a l  component 
The wave-form equation f o r  t h e  

* 

The fol lowing equat ion thus  - holds f o r  t h e  va r ious  d is turbance  parameters : 

. . - _  

If (3.5) i s  s u b s t i t u t e d  i n t o '  ( 3 . 3 ) ,  one ob ta ins  a system of  f i x e d  
equat ions f o r  determining t h e  amplitude func t ions  s l y ) :  

....... , . . . .  .. ............... 
- . .  . . . . . . . . . . . . . . .  . ~ . 

................... ....... ...... - .  . . . . . . . . . . . . . . . .  - -~ 

.. . . . . . . .  . . . . .  ... _ _ _  - . . . . .  

............. -. . ' (3.11) 

d where now ( ) I  = - . 
dY 

3 . 4  Dif fe ren t i a l  Equation f o r  the A m p l i t u d e  F u n c t i o n  

I t  is found d e s i r a b l e  t o  f irst  reduce the system of-equations t o  two 

= 0 ,  t h e  
equat ions f o r  IT and 4 .  
(3.10),  one ob ta ins ,  us ing  (3.11) and t h e  r e l a t i o n s h i p  6T' + 
expression 

If one m u l t i p l i e s  equat ion (3.9) b y - T  and adds it t o  

_ _  _ -  - 1. . - . -- r _  - - ~ _ -  
(3 .12)  ! 

ai(CI- $ ) n  = - x [ i ( a f + y h )  +E-@]. 
. . A - -  .-. . -  ! 
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One e l imina te s  11 from equat ions (3.8) and (3.12) ,  
~. ~ - .  . . . . . . .  ...... 

and then  t h e  unknown f from equat ions (3.6) and (3.13) ,  producing t h e  
system of  equat ions . .  

. . . . . . . . . . . . . . .  ......... _ _  - ~ .  -..- -. - . .  ........... 

...... . .  

(3 .14)  

For very  low j e t  v e l o c i t i e s ,  t h e  compress ib i l i t y  of t h e  gas has no 
e f f e c t ,  and t h e  Mach number approaches zero,  while  t h e - q u a n t i t y  ~ T / K M *  re-  
mains f i n i t e  (see l i s t  of symbols used) ,  so  it appears d e s i r a b l e  t o  
in t roduce  a new symbol ii f o r  t h i s  quan t i ty :  

- _ _  . 

.- - __.  

Moreover, a q u a n t i t y  G is  def ined  which, a s  w i l l  be  seen l a t e r ,  
determines t h e  charac te r '  o f  t h e  flow: 

. ~~ 
~ ..... . ...-.. ....... -. . . . . . . .  ........ . .  
I 

- _ _ _  
Thus equat ion (3.14) t a k e s  on t h e  form 

- - - - - - - - . - 

~~- . . . . . . . . . . . . . . . .  

The system of equat ions (3.17) can e a s i l y  b e  solved f o r  .ii o r  4 ;  
l i n e a r  second-order d i f f e r e n t i a l  equat ion i s , a l w a y s  obta ined ,  e.  g . ,  
9 it is:  _ _  _--- . -  - - _ -  

. . . . . .  ,.:- . . . . . . . . . . . . . . . . . . . . . .  . -  ~. . 

(3 .15)  

(3.16) 

(3.17) 

a 
f o r  

(3 .18)  

o r ,  when w r i t t e n  o u t ,  

- 

- 

2 2: 

r 

.~ 

4 
1' 8 -1 



. .  . 

(3.19) 

If t h e  s o l u t i o n  $(y) t o  t h e  d i f f e r e n t i a l  equation (3.18) o r  (3.19) has  
been determined, t h e  remaining amplitude func t ions  a r e  ca l cu la t ed  from t h e  
following equations : 

3.5 Boundary Condi t ions 

(3.20) 

(3.21) 

(3.22) 

(3:23) 

(3.24) 

The d is turbance  equat ion (3.4) r ep resen t s  a three-dimensional ,  wave- 
form dis turbance .  
x and z d i r e c t i o n s  and t h e  frequency 6 can b e  complex i n  t h e  general  case. 
If B i s  assumed t o  be  complex, t h i s  implies  a timewise ampl i f ica t ion  o r  
damping of  t h e  d is turbance .Q '  a t  a f ixed  po in t  i n  t h e  flow. Such is  not  
observed i n  boundary-layer flow, however; 6 must t h e r e f o r e  be  r e a l .  
non-zero imaginary component of  wave numbers a and y means t h a t  t he  d i s -  
turbance Q '  i n  t h e  x o r  z d i r e c t i o n  undergoes a s p a c i a l  ampl i f ica t ion  o r  
damping. 
amplitudes become zero a t  t h e  i n f i n i t e  extremes of  every plane perpendicular  
t o  t h e  d i r e c t i o n  of flow (y, z p lane ) .  This is  s a t i s f i e d  i n  t h e  y d i r e c t i o n  
by t h e  requirement q(y  = 5 m) = 0 ,  whereas t h e  boundary condi t ion f o r  t h e  
z d i r e c t i o n  is not  s a t i s f i e d ;  thus  y must a l s o  be  taken as r e a l .  
complex a s u i t s  t h e  experimental r e s u l t s ,  which y i e l d s  an exponential  ampli- 
f i c a t i o n  ordamping of t he  d is turbance  Q' i n  t h e d i r e c t i o n  of flow f o r  CY 

Thus i n  equation ( 3 . 4 ) ,  one assumes 

The amplitude q(y)  , t h e  wave numbers ct and y i n  t h e  

~~ 

A 

Only those  d is turbances  a r e  phys ica l ly  meaningful, however, those  

Only a 

i # 0. 

e_ / 27  



(3.25) 
. . .  . . . .  

and f o r  t h e  r e a l  component of Q', t he  only one o f  physical  importance, one 
obta ins  

, _ ~ :  . - - ~  .. , . . .- ........... >.. . . ................. . . . . . . . . .  

with 

. ..... . . . . . . . . . .  . . . . . . . . . . . . . .  . .  . . *  .......... " 

........ . . . .  - .. 
(3.26) 

where I (y) gives  t h e  phase angle  of t h e  d i s tu rbance .  The boundary con- 
d i t i o n  i s  

- .  - .  __ . _I _ _  . - 

y -A03 l q l = O  o r  , q r = 0 ;  qi = o .  (3.27) 
i 

.. _____.. . ....... ........................................ 

3 . 6  Formulation o f  the Eigenvalue Problem 

The fol lowing Eigenvalue problem i s  def ined with these  homogeneous 
boundary va lues :  For  a given d is turbance  frequency B and a given wave 
number y i n  t h e  z d i r e c t i o n ,  t h e  Eigenvalues c1 

i n  such a qanner t h a t  t h e  Eigenfunctions q (y) and q . (y )  s a t i s f y  t h e  

boundary condi t ions  (3.27).  

and ai  a r e  t o  be  determined r 

r 1 

It fol lows from (3.26) t h a t  t h e  d is turbance  is amplified i n  t h e  d i r e c t i o n  
of flow f o r  c1 < 0 and dampened f o r  c1 > 0 .  For a = 0 ,  one ob ta ins  

neu t r a l  d i s turbance ,  t h e  amplitude of  which does not  change i n  t h e  d i r e c t i o n  
of flow. 

s ince  it i s  t h e  damping f r i c t i o n  terms t h a t  are neglec ted .  
a s o l u t i o n  9 = $r + i o i  and c1 = a 

has  been found, t h e  conjugate-complex q u a n t i t i e s  7 and l ikewise  r ep resen t  
a so lu t ion  t o  t h e  equat ion,  and it can b e  concluded t h a t  t h e r e  must b e  an 
amplified d is turbance  f o r  every Eigenvalue with ai # 0.  I t  i s  s t i l l  s t i p u -  

l a t e d ,  however, t h a t  ai always be considered a negat ive  quan t i ty ,  s ince  t h e  

physical  cha rac t e r  of  ;he d is turbance  cannot b e  a l t e r e d  by t h e  boundary 
t r a n s i t i o n  Re -+ 03.  

i i i 

I t  should be  noted h e r e  . t ha t  damped d is turbances  cannot b e  de t e r -  
.mined a t  a l l  by means of  a f r i c t i o n l e s s  d is turbance  computation, however, - /28 

If, f o r  example, 
+ ' i a  t o  t h e  d i f f e r e n t i a l  equat ion (3.19) r i 

According 
s t r a i g h t  l i n e s  

t o  (3.26) , t h e  curves of cons tan t  d i s turbance  phase a r e  
i n  t h e  x,  z plane :  



The phase v e l o c i t y  of  t h e  d is turbance  i s  cr = @/ar i n  t h e  x d i r e c t i o n  

and B/y i n  t h e  z d i r e c t i o n .  Rotat ion o f  t h e  coordinate  system about t h e  
y a x i s  shows t h a t  a two-dimensional disturb,ance i s  involved, t h e  propagat ion 
d i r e c t i o n  of which ((-axis)  forms t h e  angle  0' with t h e  x-axis  ( see  Figure 1 ) .  
For t h e  wave-propagation v e l o c i t y  c 

ga t ion  angle  0,  one ob ta ins  

i n  t h e  5 d i r e c t i o n  and t h e  propa- Ph 

........... _ . . . . . . . . . . . . . .  

with 

. . . . . . . . . .  . .  . . .  

I -- - h-.: 
.. ., ..... .................... 

(3.29) 

For t h e  s tudy  o f  s t a b i l i t y  behavior  o f  t h e  flow r e l a t i v e  t o  t h r e e -  
dimensional d i s turbances ,  t h e  propagat ion angle  0 of  t h e  d is turbance  i s  
given i n  p l a c e  o f  * t h e  wave number y .  

4 .  Behavior o f  Disturbances a t  I n f i n i t e  Distance 

4.1 Asymptotic Behavior o f  the Eigenfunctions 

The asymptotic behavior o f  t h e  Eigenfunctions < (y) and 9 (y) for 
& is  found from t h e  system of  equat ions (3.17) : y + 

. . . . . . . .  . - .  

with 



By so lv ing  t h e  system of equat ion (4 .1) ,  one obta ins  d i f f e r e n t i a l  
equat io9s of  # t h e  same form f o r  
behavioF-, of  a l l  Eigenfunctions q (y) i s  expressed by 

and 4 .  Quite  gene ra l ly ,  t h e  asymptotic 

. ~ .  _. --. . . 

- Since w 

(4.3). 
mental. s o l u t i o n s :  

= k JRk = wkr + i w  k k i  , t h e r e  a r e  two fundamental s o l u t i o n s  t o  

Thk genera l  s o l u t i o n  i s  a - l i nea r  superpos i t ion  of t hese  funda- 

7 

3 q = AefWkY + Be -“ky ~ 
A and B complex cons t an t s .  (4.4) 

-.-..-. . _  . . . . . . .  ...... . _ _  .~ . 

I n  order  t o  s a t i s f y  t h e  boundary condi t ions ,  we se t  w > 0 and then  k r  
ob ta in  

(4.5) 

y”-o + 9 Y  q = A e  
. .. - . . . . 

A = A, -I- ;Ai ,  

where , 

I 

M 2  R~~ = 2 a ; a r  [I- - 
,...  . ‘k 

. -  

k 1;2, 

k t t j2 ,  
(4.7) 
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The s ign  o f  uki i s  indeterminate  f o r  n e u t r a l  d i s turbances  ( a  = 0 ) .  Since 

we a r e  only i n t e r e s t e d  i n  those  n e u t r a l  d i s turbances  which form t h e  l i m i t i n g  
case of  amplif ied d is turbances  (a < 0 ) ,  however, we w r i t e  i 

i 

f o r  equat ion (4.7)  and thus  ob ta in  a uniform rep resen ta t ion  of  t h e  asymptotic 
s o l u t i o n  f o r  amplif ied d is turbances ,  inc luding  t h e i r  l i m i t i n g  case ,  t h e  
n e u t r a l  d i s turbance .  

4.2 Physical. Character o f  the Asymptotic Solu'tions 

One can b e s t  see t h e  phys ica l  cha rac t e r  of  t h e  asymptotic s o l u t i o n  by 
s u b s t i t u t i n g  (4.5)  i n t o  (3 .26) :  

, 
i B  = arc  t i n  I--. Bi 

Br 
i 

Ai 
LA =: arc tan kr 

< with 
_ _  . -  

The curves o f  constant  phase are s t r a i g h t  l i n e s  i n  t h e  5, y system: 

y-J--a + ~~~y - Pt +iA = const. 
_ .  

- 131 

(4.10) 
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- For w >'O, one ob ta ins  waves en te r ing  t h e  boundary l a y e r ,  and f o r  k i  
w < 0: waves leaving t h e  boundary l a y e r ,  with t h e  phase v e l o c i t y  k i  '4 

. '  ~ . 
I 

Y 

. . .  

. . . . ~ .  . -. . 

-- r 

k 

.. . 

; 

- . ... 

. .  

. .  

However, t h i s  conception is  reversed f o r  an observer  moving with a 
r e l a t i v e  system (< I ,  y) i n  t h e  < d i r e c t i o n  with flow v e l o c i t y  5 cos 0 = 1 
cos 0 :  

(4.12) 

23 



For  t h e  l i n e s  of  constant  phase,  one ob ta ins ,  with (3.29) i n  t h e  
r e l a t i v e  system, 

(4.13) 

The numerical r e s u l t s  ( c . f .  Sec t ion  8 and Appendix 9 .1)  show t h a t  
c < 1. Thus i n  (4.13) t h e  s ign  of t h e  time-dependent term changes r e l a t i v e  

t o  (4.10),  however, and t h e  r e l a t i o n s h i p s  a r e  reversed . .  The phase v e l o c i t y  
c '  i n  t h e  r e l a t i v e  system i s  then  

r 

Ph 
. . .  ....... . . . . . . . . . . . . .  . ~ .  ~. , ~. ,. .... - ...... ~~ _ _  ...... 

k. = 1 j.2. ' (4.14) 

..... . . .  ... ......... ................. ...... - 7  

- < O, so  a s t a t i o n a r y  
J w 2 i  Evaluat ion o f  (4.8) shows t h a t  f o r  y = - 00 

observer  t h e r e  always sees  a wave leaving  t h e  j e t .  

P a r t i c u l a r l y  demonstrative r e s u l t s  a r e  obtained f o r  t h e  n e u t r a l  d i s -  
and c1 = 0 .  Then w2 i s  r e a l ,  and f o r  (4 .6 ) ,  one r = a~ i k turbances with c1 

can w r i t  e 
- ...... ................................................... .. .... ..... 

. -__ k = 1;2, 
. .. : . . ,  - - .  .. . . . . .  . _  

- 
where t h e  local sonic  v e l o c i t y  a = fi /M has been introduced.  
(4.15),  wk is rea l  as long as  t h e  r e l a t i v e  v e l o c i t y  of t h e  d is turbance  
r e l a t i v e  t o  t h e  flowing medium i s  sma l l e r  than  o r  equal t o  t h e  l o c a l  son ic  . 
v e l o c i t y .  These d is turbances  a r e  t o  be  c a l l e d  n e u t r a l  d i s turbances  with 
subsonic o r  son ic  cha rac t e r .  In  c o n t r a s t ,  i s  imaginary i f  t h e  r e l a t i v e  

v e l o c i t y  i s  g r e a t e r  than t h e  l o c a l  son ic  v e l o c i t y .  Neutral  d i s turbances  

determined by equat ion (4 .8 ) .  Neutral  son ic  and supersonic  d is turbances  

According t o  

wk 

* with supersonic  cha rac t e r  a r e  then involved. The s i g n  of w i s  again k i  

_ _  . -_ ~ 



a r e  waves of constant  amplitude,  a t  i n f i n i t e  d i s t ance  and t h e  assoc ia ted  
Eigenfqnctions according t o  (4.5) do not s a t i s f y  the  boundary condi t ions 
(3.27) .- -. In  Sect ion 5 . 1  it i s  shown t h a t  t h e  n e u t r a l  d i s turbances  with 
supersonic  charac te r  a r e  i d e n t i c a l  t o  t h e  s ingu la r  n e u t r a l  so lu t ions  
mentioned i n  t h e  In t roduct ion .  With equat ions (4 .11)  and (4 .14) ,  one 
ob ta ins ,  f o r  t h e  phase v e l o c i t y  of t h e s e  s ingu la r  n e u t r a l  d i s turbances  i n  
t h e  absolu te  and r e l a t i v e  systems, 

- /33 

e .  (4.16) 

For t h e  angle  cs between t h e  wave f r o n t  and t h e  negat ive p a r t  of t h e  
. <-axis ,  moreover one ob ta ins  

. .  - -  . - _ _ -  - 

I 

. . . . . .  . . . . . . . . . . . . . . . .  _ _ _  . . . . . . . . . . .  . . .  . .  

i . e . ,  t h e  r ec ip roca l  of t h e  Mach number, which cha rac t e r i zes  t h e  r e l a t i v e  
motion of t h e  d is turbance  with r e spec t  t o  t h e  flowing medium. 
n e u t r a l  d i s turbances  thus  behave a t  i n f i n i t e  d i s t a n c e  l i k e  Mach waves 
moving a t  sonic  v e l o c i t y  r e l a t i v e  t o  t h e  flowing medium, perpendicular  t o  
t h e i r  l ength ,  t h e  d is turbance  amplitudes remain cons tan t ,  s i n c e  they can 
not  be damped by i n t e r f e r e n c e  e f f e c t s  as i n  t h e  case  of  n e u t r a l  subsonic  
d is turbances .  
r e a l  gas ,  would only be  achieved by incorpora t ing  damping f r i c t i o n  terms 
i n  t h e  d is turbance  computation. 

The s ingu la r  

The damping of t h e  d is turbances ,  as must b e  requi red  f o r  a 

5. Discussion on the  Neutral Disturbances 

* 5.1 Determination o f  the  Phase Velocity o f  Neutral Disturbances 

The d i f f e r e n t i a l  equation (3.19) f o r  t h e  Eigenfunction $(y)  i s  r egu la r  
for amplified dis turbances with a # 0 a t  every po in t  y .  For neu t r a l  i 

-d i s tu rbances  with r e a l  a = a ' and phase v e l o c i t y  cN = ( B / u ) ~ ,  however, N 
(3.19) can become s ingu la r  a t  t h e  p o i n t s  G = 0 and - c = 0 .  The expression N 
G from (3.16) can be r ewr i t t en  using (3.29) and in t roducing  t h e  loca l  sonic  
v e l o c i t y  a: 

. .  

. . . . . .  -~ _. . . . . . . .  ............ 

I 



, 
. . . . . . . . .  ........ - - 4 7 .  

with 

(5.1) 

. .  . . . . . .  .~ . .  - . . . .  

Thus t h e  t r a n s i t i o n  from t h e  subsonic t o  t h e  supersonic  range of  
d i s turbance  i n  t h e  flow f i e l d  i s  charac te r ized  by G = 0 .  
has  no s i g n i f i c a n c e  f o r  t h e  d i f f e r e n t i a l  equat ion,  s i n c e  only an apparent 
s i n g u l a r i t y  i s  involved which occurs  as  t h e  r e s u l t  of so lv ing  t h e  systems 
of equat ions (3.17) f o r  $.  
u - c N 
i n e q u a l i t y  O <  c 

s i n g u l a r i t y .  
l i e s  w i th in  the limits 

This po in t  G = 0 

Equation (3.17) shows t h a t  t h e  poin t  
= 0 is  t h e  only s i n g u l a r i t y .  The n e u t r a l  phase v e l o c i t y  f o r  t h e  

1 must be  s u f f i c i e n t  f o r  t h e  occurrence of t h i s  = N =  
The general  proof t h a t  t h e  phase v e l o c i t y  of  each d is turbance  

~ . - -  -_ - _. 

< -  = < c y -  Umax ! -  

, 'min 
(5 2) 

.... - . ~  . ... 

could previous ly  be  demonstrated only f o r  t imewise-amplified d is turbances  i n  
incompressible media ( see  Lin [29]) .  Adaptation o f  t h i s  proof t o  s p a c i a l l y  
amplif ied d is turbances  i n  incompressible o r  compressible f l u i d s  y i e l d s  only 
t h e  lower l i m i t  f o r  c ( see  Appendix 9 .1 ) ;  t o  b e  s u r e ,  t h e  ex i s t ence  of  t h e  

i s  v e r i f i e d  by t h e  r e s u l t s  of  t h e  numerical s tudy on t h e  

o r  y = y, ( the  so -ca l l ed  c r i t i c a l  l aye r )  if it i s  not  

r 
' upper l i m i t  f o r  c r 

Eigenvalue problem (see  Sec t ion  8 ) .  Equation (3.19) thus  becomes s i n g u l a r  
a t  t h e  po in t  fi = c 

simultaneously t r u e  t h a t  +(yc)  = Qlc ,  o r  t h e  express ion  (c'/F); disappears .  

Lees and Lin [19] have shown a n a l y t i c a l l y  t h a t  4c # 0 i f  0 s a t i s f i e s  t h e  

boundary cond i t ions .  
s o l u t i o n s  t o  t h e  n e u t r a l  s o l u t i o n  can now be expected,  t h e  expression 
(G'/T)' must disappear  i n  t h e  c r i t i c a l  l a y e r  f o r  t h e  n e u t r a l  case .  

N 

Since a constant  t r a n s i t i o n  from t h e  r e g u l a r ,  amplif ied 

The expression (fiI/T)' d isappears  f o r  t h e  Lock p r o f i l e  f o r  every combi- 
na t ion  of Mach number M and environment temperature  T 

u = c 

a t  l e a s t  a t  t h e  po in t  2' - 
which is  given by t h e  equat ion:  

S' 

......... _-- .. 
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o r ,  with equat ions (2.14) and (2 .27) ,  
b 

- -  

- / 3 5  

. .~ . . . . .- . . . . ---- . . . . . 

Figure 7 shows curves of t h e  func t ion  (;'/T) versus  y f o r  var ious  
Mach numbers M and environment temperatures ?; 0 . 6 ,  

t h i s  func t ion  has  seve ra l  s o l u t i o n s  f o r  c . Figure 8 shows t h e  s o l u t i o n  

c t o  ( 5 . 3 )  as a func t ion  of Mach number and environment temperature i n  a 

three-dimensional r ep resen ta t ion ,  i n  which t h e  a d d i t i o n a l  s o l u t i o n s  occur-  
r i n g  only at h igher  Mach numbers have not  been taken  i n t o  cons ide ra t ion .  

For M > 3 and T2 2 '  

S 

S 

The c a l c u l a t i o n s  have shown, however, t h a t  a n e u t r a l  d i s turbance  w i t h  

N s  S 
phase v e l o c i t y  c = c is  not  a s soc ia t ed  with every s o l u t i o n  c . Sect ion  

5.2 shows f o r  which va lues  c 

found. From t h e  f a c t  t h a t  (5.3) can have s e v e r a l  zero p o i n t s ,  it would be  
p o s s i b l e  t o  conclude t h e  ex i s t ence  of s e v e r a l  ampl i f ied  d is turbance  modes 
and thus  seve ra l  n e u t r a l  d i s tu rbances .  
wall boundary l a y e r s ,  t h a t  t h i s  specu la t ion  i s  gene ra l ly  not  born o u t .  

corresponding n e u t r a l  so lu t ions  have been 
S 

Mack [32] has shown, f o r  compressible 

For t h e  environment temperature  ?; = 1 and low flow v e l o c i t i e s -  with 2 
M = 0, equat ion ( 5 . 3 )  y i e l d s  

ij'L = 0. u=cs . _. 1 .. .- 

The phase v e l o c i t y c N  of a p o s s i b l e  n e u t r a l  d i s turbance  i s  thus  equal 

t o  t h e  v e l o c i t y  c 

Tollmien [54] has  shown, f o r  v e l o c i t y  p r o f i l e s  with i n f l e c t i o n  p o i n t s  i n  
incompressible f l u i d s ,  t h a t  a n e u t r a l  d i s turbance  wi th  phase v e l o c i t y  cN = c 

i s  t h e  only  n e u t r a l  s o l u t i o n  which sat isf ies  t h e  boundary condi t ions  and 
remains r e g u l a r  over t h e  e n t i r e  flow range.  
i n  incompressible media, t h e  ex i s t ence  of  an i n f l e c t i o n  poin t  i n  t h e  v e l o c i t y  
p r o f i l e  r e p r e s e n t s  a necessary and s u f f i c i e n t  condi t ion  f o r  t h e  occurrence 
of t imewise-amplified d is turbances  (c . f .  Sec t ion  1) . One may assume t h a t  

(G'/T) disappears  has  a s i g n i f i c a n c e  f o r  t h e  s t a b i l i t y  of a compressible 
flow which i s  similar t o  t h e  s i g n i f i c a n c e  of  an i n f l e c t i o n  po in t  with 

a t  t h e  i n f l e c t i o n  p o i n t  of  t h e  boundary-layer p r o f i l e .  
S 

S 

Tollmien has  a l s o  shown t h a t  

t h e  ex is tence  of a po in t  i n  t h e  v e l o c i t y  p r o f i l e  a t  which t h e  expression - / 3 6  

- ~ _ _ ~  -~ - - - -  ~ - -  
~ _ _  - 



L- - 
i l l  = 0 f o r  an incompressible flow. This  i s  a l s o  v e r i f i e d  by a l l  numerikal ' .  

, s t u d i e s ;  t h e  r igorous  proof o f  t h i s  hypothes is  has  a s  ye t  no t  been found. 

According t o  ( 5 . l ) ,  t h e  n e u t r a l  d i s tu rbance  has  subsonic cha rac t e r  
r e l a t i v e  t o  t h e  flow i f  G > 0 ,  i . e .  

. -. ., . - -  . . ~ .  , 

ti 
cos 0 ICJ - C N I  < -- ' 

. . . . . . . . . . . . .  

(5.5) 

The n e u t r a l  d i s turbance  thus  has  subsonic  cha rac t e r  wi rh in  t h e  e n t i r e  
flow i f  i ts  phase v e l o c i t y  sat isf ies  t h e  condi t ion  

........................... -- 

For two-dimensional 

._ ..- 

- _ .  ~ ~ ,. 

dis turbances ,  t h e s e  l i m i t e s  a r e  given by 

.... . - ........ - ....... --. 

' (5.6). 

(5 97) 

. . . . . . . . .  . . . . . . .  ... . . . . . . . .  . I 

These va lues  y i e l d  boundary curves i n  Figure 8 on which t h e  assoc ia ted  

Only t h e  l i m i t  cN = a /cos 0 has proved t o  be  meaningful 2 

n e u t r a l  d i s tu rbance  assumes son ic  cha rac t e r  w i th in  t h e  j e t  o r  a t  t h e  o u t e r  
edge of t h e  j e t s ,  

f o r  t h e  numerical c a l c u l a t i o n  o f  t h e  Eigenvalues wi th in  t h e  Mach and 
temperature  ranges s tud ied .  

The c a l c u l a t i o n s  f o r  amplif ied d is turbances  show t h a t  t h e  phase v e l o c i t y  
c 

however, t h a t  t h e  phase v e l o c i t y  cN i s  only  a s o l u t i o n  t o  equat ion (5.3) i f  

t h e  d i s tu rbance  has  subsonic o r  son ic  c h a r a c t e r  throughout t h e  e n t i r e  flow 
reg ion .  Only then  i s  t h e  d i f f e r e n t i a l  equat ion (3.19) t h u s  r e g u l a r  i n  t h e  
c r i t i c a l  l a y e r .  If t h e  n e u t r a l , d i s t u r b a n c e ,  on t h e  o the r  hand, assumes 
supersonic  cha rac t e r  a t  some p o i n t  i n  t h e  flow ( t h i s  always occurred first 
a t  t h e  o u t e r  edge of t h e  boundary l a y e r  f o r  t h e  parameter combinations 
. s tud ied) ,  equa t ion  (5.3) is  not  s a t i s f i e d  by 6 = c 
s i n g u l a r .  

f o r  a. -t 0 a c t u a l l y  approaches a l i m i t i n g  va lue  cN. I t  has  been shown, r 1 

and (3.19) becomes N'  
Tlie r e s u l t s  can b e  summarized a s  

. . . . .  _ ~- ... ........ -.  -~ ..... . .  ...... -.-.: ."-._-.-.- .......... 
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Neutral  d i s turbances  with supersonic  cha rac t e r  a r e  thus  c a l l e d  
s ingu la r  n e u t r a l  d i s turbances  (see Sect ion 1). The assoc ia ted  Eigenvalues 
can only b e  determined,approximately through ex t r apo la t ion  from t h e  
neighboring weakly amplif ied d is turbances .  

5.2 Discussion on the Singular  Neutral Disturbances 

5.2.1 Behavior o f  t h e  D i f f e ren t i a l  Equation (3.19) i n  t h e  C r i t i c a l  
Layer 

In  t h e  following m a t e r i a l ,  t h e  behavior of t h e  d i f f e r e n t i a l  equation 
(3.19) near  t h e  c r i t i c a l  l aye r  y = y is t o  b e  s tud ied  f o r  n e u t r a l  super-  

son ic  d is turbances .  I t  is assumed t h a t  t h e  c o e f f i c i e n t s  i n  (3.19) can b e  
expanded i n  terms of  powers of y - y i n  t h e  v i c i n i t y  of y = y 

Appendix Sect ion 9 .2) .  A fundamental system of so lu t ions  can then be  g iven  
near  t h e  c r i t i c a l  l a y e r  (Tollmien [54], Lees and Lin [19]) :  

C 

. (see 
C C 

~~ 

.. . . . - -  . . . . - . . ~ . . . . .  - 

. .  

-Here g1 and g2 a r e  power s e r i e s  i n  y - y, which both assume t h e  value o f  1 

i n  t h e  c r i t i c a l  l a y e r .  
superpos i t ion  of t h e  fundamental s o l u t i o n s ,  (5 .9) :  

The general  s o l u t i o n  i s  obtained through l i n e a r  

Accorl ing  t o  (5.9 

(5.10) 

, $ i s  r e g u l a r  i n  t h e  c r i t , c a l  l a y e r ,  while  a l l  
d e r i v a t i v e s  of  $ become loga r i thmica l ly  s i n g u l a r .  
son ic  d is turbances ,  D = 0 i s  always t r u e ,  s o  t h e  de r iva t ives  a l s o  remain 

For n e u t r a l  subsonic and 



r e g u l a r .  
t i v e  arguments y > y . According t o  Tollmien [54] ,  t h e  a n a l y t i c a l  exten-  

s i o n  of t h e  logarithm i n  t h i s  case  i s  given by 

The logarithm occurr ing  i n  the  s o l u t i o n  is def ined only f o r  pos i -  /38 - 
C 

(5.11) 

f o r  nega t ive  arguments y < y  - . For supersonic  d i s tu rbances ,  a l l  Eigen- 

func t ions  are t h u s  a l s o  complex i n  t h e  n e u t r a l  case .  
v 

- c  
The f r e e  cons tan ts  

+ i v  vl = lr l i  , and v2 i n  (5.10) a r e  thus  a l s o  t o  be made complex, i . e . ,  1 
If t h e  s o l u t i o n  (5.10) i s  reso lved  i n t o  a r e a l  2 i  and v = v + i v  2 2 r  

component and an imaginary component, one ob ta ins  f o r  y > y 
C 

.. .... .. .. - . .. . . .  ._.I. . . ~ ... . . .. ~ 

8 

. .  

I 

! 

(5.12) 

< and f o r  y = y  
C 

. (5.13) 

_ .  

I t  fo l lows  from t h i s  t h a t  4 remains constant  i n  t h e  c r i t i c a l  l a y e r ,  while  
$ I makes a jump, and 

(5.14) 
- .  

For t h e  Eigenfunction f ( y )  of t h e  u '  d i s turbance ,  according t o  (3 .20) ,  
means a d i s c o n t i n u i t y  i n  t h e  c r i t i c a l  l aye r  which, t h i s  d i s c o n t i n u i t y  i n  

t o  be s u r e ,  occurs  only  f o r  n e u t r a l  supersonic  d is turbances .  



5 . 2 . 2  Wronskian Determinate f o r  t h e  Fundamental System 

I n Z h e  case  of a n e u t r a l  d i s tu rbance ,  a l l  c o e f f i c i e n t s  of t h e  d i f f e r -  
e n t i a l  equat ion (3.19) a r e  r e a l .  The r e a l  component $ and t h e  imaginary 

component #I of a complex s o l u t i o n  of #I a r e  thus  not coupled and must 

s a t i s f y  t h e  d i f f e r e n t i a l  equation independently o f  each o t h e r . .  I t  is 
poss ib l e  f o r  $r and $. t o  form a fundamenta1,system f o r  which t h e  Wronskian 

determinate  W of  t h e  d i f f e r e n t i a l  equat ion (3.19) is not i d e n t i c a l l y  ze ro .  
The Wronskian de termina te  of (3.19),  according t o  Szabo [52 ] ,  i s  then  

r 

i 

/39 - 1 

,- ..>. . ~~ . .. ..... - . 

(5.15) 

- 1  . . .., ~ .. ... . . -.-- ..- - .....~ . . .. . . . . . ~ 

where K i n  t h i s  case  i s  a r e a l  cons t an t .  

Since t h e  fundamental system $r and $i i s  known near  t h e  c r i t i c a l  l a y e r ,  

t h e  Wronskian determinant W i n  accordance wi th  (5.15) can be  c a l c u l a t e d  ou t  
for t h i s  s o l u t i o n  f o r  4, and information i s  t h u s  obtained regard ing  t h e  
cons tan t  K .  If $r and #Ii, according t o  (5.12) and (5.13) a r e  success ive ly  

s u b s t i t u t e d  i n t o  (5.15) and t h e  boundary t r a n s i t i o n  y -t y i s  c a r r i e d  o u t ,  

t h e  r e s u l t  is 
C 

(5.16) 

I 

The Wronskian determinant t hus  jumps i n  t h e  c r i t i c a l  l a y e r  by t h e  amount 

~ - -  - . ..- . .. .. . . . . --- _.~_ 

(5.17) 

For t h e  cons tan t  K above and below t h e  c r i t i c a l  l a y e r ,  we t h u s  have t h e  
va lues  

'31 
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One can conclude from t h i s  t h a t  f o r  a l l  va lues  of y ,  l i n e a r l y  inde- 
pendent s o l u t i o n s  $ 

determinant i n  accordance with (5.15) a l s o  disappears  f o r  G = 0,  i . e . ,  a t  
t h e  poin t  i n  t h e  flow f i e l d  a t  which t h e  d is turbance  assumes son ic  
cha rac t e r .  
G = 0 however, as was shown by Lees and Lin 1191, 
change i n  va lue  a t  t h i s  p o i n t .  

and $i can e x i s t ;  ,on t h e  o the r  hand, t h e  Wronskian r 

Since t h e  s o l u t i o n  $(y)  always remains r egu la r  a t  t h e  poin t  
t he  constant  K does not - J 4 0  

The asymptotic behavior of t h e  Eigenfunction is descr ibed by equation 
( 4 . 5 ) .  Resolution i n t o  a r e a l  component and an imaginary component y i e l d s  
a fundamental system $r and $i f o r  y -+ 2"; care  must be  taken h e r e  t o  see  

t h a t  a2 i s  r e a l  i n  t h e  n e u t r a l  ca se .  If t h e  Wronskian determinant is now 

evaluated,  it is  necessary t o  decide whether subsonic ,  sonic  o r  supersonic  
cha rac t e r  i s  p resen t .  

k 

- - _ _ _  _ _  . The r e s u l t s  a r e  

If t h e  boundary condi t ions a r e  taken i n t o  cons idera t ion  f o r  t h e  Eigen- 
func t ion  ( 3 . 2 7 ) ,  t h e  following t a b u l a t i o n  app l i e s  f o r  t h e  Wronskian 
determinant Wk : 8 4  

I 



Subsonic , 
. .  . 

Son i c 

w1= 0 w2 = 0 

Wq = 0 w2 =: 0 

I 

. >  
4 (5.20) 

. . .  
W2 = w 2 i  l A I 2  

On t h e  o the r  hand, it fo l lows  from equat ion  (5.15) t h a t  Wk = KG, so 

equat ion (5.20) can be  used now t o  provide  approximate information regard-  
ing t h e  cons tan t  K above and below t h e  c r i t i c a l  l a y e r .  Three c h a r a c t e r i s t i c  
s p e c i a l  ca ses  of n e u t r a l  d i s tu rbances  w i l l  be  discussed i n  d e t a i l ,  

5.2.3 Discussion o f  Several C h a r a c t e r i s t i c  Neutral Disturbances 

. -  

For t h e  cons tan t  K ,  equations (5.15) and (5.18) y i e l d  
-1. The n e u t r a l  d i s tu rbance  has subsonic cha rac t e r  a t  both flow edges, 

(5.21) 

From t h i s  follow t h e  condi t ions  

(5.22) 

The second condi t ion  means t h a t  t h e  expression (<'/T) I must d isappear  
i n  t h e  c r i t i c a l  l a y e r .  is then  a s o l u t i o n  t o  

(5.3), and t h e  d i f f e r e n t i a l  equation (3.19) is  r e g u l a r  fo r  a l l  y va lues .  
One can t h u s  t a k e  4 a s  r e a l  without l i m i t i n g  g e n e r a l i t y ,  i . e . ,  one s e t s  
v = v = 0. In  t h i s  way t h e  first condi t ion  is a l s o  s a t i s f i e d . .  The 

same statement a p p l i e s  f o r  t h e  case i n  which t h e  d is turbance  e x h i b i t s  sonic  
c h a m c t e r  a t  bo th  edges. 

The n e u t r a l  phase v e l o c i t y  c N 

li 2i 



2. The n e u t r a l  d i s turbance  has  supersonic cha rac t e r  a t  both flow 
edges. One then  o b t a i n s  f o r  t h e  cons tan t  K 

' (5.23) 

The d i s tu rbance  amplitudes 1AI and 1BI  a t  t h e  flow edges a r e  then  
r e l a t e d  t o  t h e  func t ion  va lue  14 I by t h e  fol lowing equation: 

C 

(5.24) 

. . -  . . ~. . .. . 

It  follows from t h i s  t h a t  t h e  f u n c t i o n ' v a l u e  14 I i n  t h e  c r i t i c a l  l a y e r  _ _ ~ - ~  - - c  
is only determined by s t i p u l a t i n g  t h e  d i s tu rbance  amplitudes ] A I  and I B I .  

The n e u t r a l  d i s turbance  has  subsonic cha rac t e r  i n s i d e  t h e  j e t  and 
Only t h i s  type  of supersonic 

.- - - - - - 3 .  
/42  - 

supersonic cha rac t e r  a t  t h e  outer  flow edge. 

one ob ta ins  
- - __  dis turbance  occurred i n  t h e  numerical c a l c u l a t i o n s .  For  t h e  cons tan t  K ,  

. 

. _  

I t  follows from t h i s  t h a t  

. , . .  . .. . .  . - . .. . . -  
I 



From t h e  first condi t ion ,  one aga in  concludes,  as i n  t h e  f irst  example, 
t h a t  e .g .  i t  i s  p o s s i b l e  t o  set  v = u = 0 s o  t h a t  I$ i s  coiiipletely real  

f o r  y > y while  I$ remains complex f o r  y <  y . The second condi t ion  s t a t e s  

t h a t  t h e  d i s tu rbance  amplitude ] A I  a t  t h e  supersonic  edge aga in  determines 
t h e  func t ion  va lue  i n  t h e  c r i t i c a l  l a y e r .  The s ign  o f  t h e  expression 

(UI/T); i n  t h e  c r i t i c a l  l a y e r  can a l s o  b e  determined from (5 .26) :  w 

negat ive  due t o  t h e  way i n  which t h e  s igns  a r e  e s t ab l i shed  i n  (4.8), and G2 

i s  l ikewise  nega t ive ,  due t o  t h e  supersonic  cha rac t e r  of  t h e  d is turbance ,  
s o  D and thus  (G1/T) must a l s o  become negat ive  i n  t h e  c r i t i c a l  l a y e r .  
According t o  Figure 7 ,  it fol lows t h a t  c > c must always b e  t r u e  f o r  t h e  

parameter combinations M and 'T2 which were c a l c u l a t e d  ( c f .  equat ion (5.8)) .  

The c a l c u l a t i o n s  have shown t h e  co r rec tness  o f  t h e s e  r e s u l t s .  

- l i  2 i  
C '  - - c  

is 2 i  

N s  

5.3 Energy Balance o f  t h e  Dis turbance Motion f o r  Neut ra l  Disturbances 

Addit ional  i n s i g h t  i n t o  t h e  cha rac t e r  of  t h e  n e u t r a l  s o l u t i o n s  i s  
obtained from an accounting o f  t h e  disturbance-motion energy. 
cons idera t ions  have been appl ied by Lees and Lin [19] f o r  t h e  compressible 
wall boundary l a y e r .  
timewise mean va lue  of  t h e  k i n e t i c  energy o f  t h e  d is turbance ,  from t h e  
energy equat ion of  mechanics, one ob ta ins ,  i n  a 

The same 

If one c a l c u l a t e s  t h e  s u b s t a n t i a l  v a r i a t i o n  i n  t h e  

ens ion1 es s r epr  e s  en t  at ion  
- (see Appendix Sec t ion  9.3), - .  - 

Betchov and Criminale [ 2 ]  provide a clear phys ica l  explanat ion o f  t h e  
terms on t h e  r i g h t  s i d e  of  t h i s  equat ion,  
energy t ransfer  between t h e  p r i n c i p a l  flow and t h e  d is turbance  motion, 
- r e s u l t i n g  from t h e  Reynolds shea r  s t r e s s e s  

The f irst  term cha rac t e r i zes  t h e  

I 

1 

I 

(5.28) 

1 

! 

The energy t r a n s f e r  remains l imi t ed  t o  t h e  boundary l a y e r ,  s ince  only 
t h e r e  i s  t h e  vo r t ex  s t rengthGI # 0 .  
energy f o r  t h e  d is turbance  motion, and f o r  T~ < 0,  energy from t h e  d i s tu rbance  

motion is t r a n s f e r r e d  t o  t h e  p r i n c i p a l  flow. 
t h e  l o s s  o r  ga in  i n  k i n e t i c  energy of t h e  d is turbance  which i s  connected 

For T~ > 0, t h e  p r i n c i p a l  flow provides  

The second term c h a r a c t e r i z e s  

- ____ - - - >  -- - _ _  - ~ 
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with a p a r t i c l e  t r a n s f e r  among a reas  of h igher  o r  lower p re s su re .  
ing  t o  Lees and Lin 1191, t h i s  term i s  i n  p a r t i c u l a r  a measure of t h e  
d i s tu rbance  energy r a d i a t e d  away v i a  son ic  waves (see Appendix Sec t ion  9 . 5 ) .  

Accord- 

For n e u t r a l  d i s tu rbances ,  t h e  s u b s t a n t i a l  change i n  d i s tu rbance  energy 
must be  zero t o  comply with d e f i n i t i o n .  
r e s u l t s  from t h e  l i n e a r i z e d  s t a b i l i t y  computation i n  Appendix Sec t ion  9.3.  
For n e u t r a l  subsonic  and son ic  d is turbances ,  t h e  terms on t h e  r i g h t  s i d e  o f  
(5 .27)  d i sappear  i nd iv idua l ly ,  whereas f o r  n e u t r a l  supersonic  d i s tu rbances  

d is turbances ,  an energy t r a n s f e r  between t h e  p r i n c i p a l  flow and t h e  d i s -  
turbance motion t a k e s  p l ace  v i a  momentum exchange f o r  n e u t r a l  supersonic  
d is turbances ,  t h e  d i r e c t i o n  of t h e  t r a n s f e r  being determined by t h e  s i g n  
of  t h e  Reynolds shea r  stresses T 

s t a b i l i t y  theory ,  according t o  equat ion (5.25) and (9.16) one o b t a i n s ,  f o r  
t h e  type of  supersonic  d is turbance  covered a s  Example 3 i n  Sec t ion  5 .2 .3 ,  

This is v e r i f i e d  with t h e  a i d  of 

only t h e  sum’of t h e  two terms becomes zero.  Thus, &is f o r  amplif ied ” > I  

c 

With t h e  r e s u l t s  of t h e  l i n e a r i z e d  R ‘  

- .  Y->-Yc ‘R = 0, 

(5.29) /44 

n 

.~ 

Without 

. .. . . . .. . .. . . 

. -  

F r i c t i o n  

. 

- 

With F r i c t i o n ,  
.. - 

blacir, 19sq 
M ;> 

I- 

. .  
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Only i n  t h e  o u t e r  po r t ion  of  t h e  boundary l a y e r ,  y _<yc ,  i s  f l u c t u a t i o n  
* 

energy removed froin t h e  p r i n c i p a l  flow by t h e  Reynolds shear  s t r e s s e s  -rR; 

t h e  energy is  brought back i n  by t h e  formation of  a corresponding d i s t r i -  
bu t ion  of p re s su re  f l u c t u a t i o n s  i n  t h e  p r i n c i p a l  f low.  
i n t o  cons idera t ion  t h a t  t h e  r e s u l t  f o r  T~ found by Mack [32] f o r  wall 

boundary l a y e r s  can be  converted t o  f r e e  boundary l a y e r s .  
t h i s  r e s u l t  schemat ica l ly .  One can s e e  t h a t  . f l u i d  f r i c t i o n  makes t h e  
s i n g u l a r i t y  i n  t h e  c r i t i c a l  l a y e r  disappear  and ‘I: 

edge of t h e  boundary l a y e r .  

I t  should be  taken  

The graphs shows 

becomes zero a t  t h e  o u t e r  R 

I 

5.4 Behavior o f  the  Eigenfunctions i n  t h e  C r i t i c a l  Layer , 
I 

I t  has  been shown t h a t  t h e  Eigenfunction 4 remains r e g u l a r  f o r  a l l  ~ 

n e u t r a l  d i s tu rbances ,  whereas t h e  d e r i v a t i v e s  of 4 remain r e g u l a r  only f o r  
n e u t r a l  subsonic  and son ic  d is turbances  and become s i n g u l a r  f o r  n e u t r a l  
supersonic  d is turbances .  
dimensional d i s tu rbances .  

This  resu l t  app l i e s  f o r  two-dimensional and t h r e e -  

The behavior  of t h e  remaining Eigenfunct ions,  r e l a t i v e  t o  n e u t r a l  d i s -  - /45 
turbances ,  can b e  seen from equat ions (3.20) through (3.24) .  The Eigen- 
func t ions  0 and r f o r  t h e  temperature  and d e n s i t y  f l u c t u a t i o n s  become 
s i n g u l a r  r e l a t i v e  t o  any n e u t r a l  d i s turbance  i n  t h e  c r i t i c a l  l a y e r ,  as long 
as 7; does not  d i sappear ,  which gene ra l ly  i s  not  t h e  case, however. 

Eigenfunctions f and h f o r  t h e  v e l o c i t y  f l u c t u a t i o n s  i n  t h e  x and z d i r e c t i o n s  
become s i n g u l a r  f o r  a l l  three-dimensional  n e u t r a l  d i s turbances .  Moreover, 
f becomes s i n g u l a r  f o r  a l l  n e u t r a l  d i s turbances  wi th  supersonic  cha rac t e r .  
Only t h e  Eigenfunction 
a l l  cases. , 

The 

f o r  t h e  p re s su re  f l u c t u a t i o n s  remains r e g u l a r  i n  

For an incompressible ,  f r e e  shear  l aye r  with a s p e c i a l  v e l o c i t y  p r o f i l e ,  
S t u a r t  [Sl]  was a b l e  t o  g ive  an  exact  s o l u t i o n  t o  t h e  nonl inear  d i s turbance  
equat ion f o r  a n e u t r a l ,  three-dimensional d i s tu rbance  which i s  r e g u l a r  
throughout.  From t h i s  s o l u t i o n  it i s  p o s s i b l e  t o  see t h a t  t h e  s i n g u l a r i t y  
which t h e  s o l u t i o n  t o  t h e  l i n e a r i z e d  d is turbance  equat ion  e x h i b i t s  i n  t h e  
. c r i t i c a l  l aye r  i s  obviously only a r e s u l t  of l i n e a r i z i n g  t h e  equat ion.  It 
i s  t h e r e f o r e  t o  be  supposed t h a t  i n  t h e  compressible case, t h e  s i n g u l a r i t y  
of t h e  n e u t r a l  Eigenfunctions i s  l ikewise  t o  be  a t t r i b u t e d  t o  t h e  l i n e a r i -  
z a t i o n  of t h e  equat ions,  a t  l eas t  f o r  subsonic d i s tu rbances .  * I  

I 

I n  t h e  case of t h e  Eigenfunct ions 0 and r f o r  t h e  temperature  and 
d e n s i t y  f l u c t u a t i o n s ,  it is p o s s i b l e  t h a t  t h e  s i n g u l a r i t y  does not  a r i s e  from 
l i n e a r i z a t i o n  of t h e  d i s tu rbance  equat ion,  bu t  r a t h e r  i s  a r e s u l t  of 
neglec t ing  t h e  e f f e c t  o f  hea t  conduct iv i ty  upon t h e  d i s tu rbance  motion. 
Prandt l  numbers c l o s e  t o  1, however, t h e  thermal-conduct ivi ty  term i n  t h e  
energy equat ion,  l i k e  t h e  d i s s i p a t i o n  term, i s  on t h e  order  of  magnitude of  
Re-l. I t  t hus  appears as though t h e  effect  of thermal conduct iv i ty  upon t h e  
s t a b i l i t y  of  f r e e  boundary l a y e r s  can be  neglected i n  t h e  same manner a s , t h e  

For 



f r i c t i o n  e f f e c t .  
supersonic  d is turbances ,  on t h e  o the r  hand, a r e  poss ib ly  t o  be a t t r i b u t e d  
t o  t h e  neglec t  of f r i c t i o n ,  s i n c e  t h e  d is turbances  i n  t h i s  case  do not d i s -  

The addi t iona l '  s i n g u l a r i t i e s  which occur f o r  n e u t r a l  

! 
I 

appear a t  i n f i n i t e  d i s t a n c e .  i 
1 

6 .  S t a b i l i t y  Behavior of a Free Shear Layer Rela t ive  t o  Long-Wave '/46 

I 
D i s turbances I 1- 

I 

6.1 Effect. of the Velocity P r o f i l e  w i t h  Long-Wave Disturbances I 
I 
I 

The s t a b i l i t y  behavior of a f r e e  shear  l aye r  r e l a t i v e  t o  long-wave 

Drazin and Howard [8] 

, 
dis turbances  can be descr ibed a n a l y t i c a l l y  with r e l a t i v e  ease ,  s i n c e  t h e  
Eigenvalue equat ion can be given i n  c losed form. 
compared t h e  s t a b i l i t i e s  of var ious  v e l o c i t y  p r o f i l e s  i n  p l ane ,  f r e e  shea r  
l aye r s  r e l a t i v e  t o  two-dimensional, t imewise-amplified d is turbances  i n  
incompressible media. 
s t a b i l i t y  behavior r e l a t i v e  t o  long-wave d is turbances ,  i . e . ,  t h e  ampl i f i -  
c a t i o n  of the  dis turbances  and t h e i r  phase v e l o c i t i e s  show approximate 
agreement. 
has  no e f f e c t  upon t h e  s t a b i l i t y  behavior of t h e  d is turbance  i f  t h e  d i s -  
turbance wave length  i s  l a rge  r e l a t i v e  t o  a c h a r a c t e r i s t i c  length  of t h e  
p r o f i l e  (e.g.  t h e  boundary-layer t h i ckness ) .  Their  explanat ion can e a s i l y  
be extended t o  cover three-dimensional d i s turbances  and i s  independent of 
whether t h e  d is turbances  a r e  amplif ied timewise o r  s p a c i a l l y .  

I t  was found t h a t  t h e  var ious  p r o f i l e s  exh ib i t  similar 

They concluded from t h i s  t h a t  t h e  form of t h e  v e l o c i t y  p r o f i l e  

I 

Since t h e  wave number of t h e  d is turbance  i s  inve r se ly  propor t iona l  t o  
i t s  wavelength, long-wave dis turbances a r e  notable1 f o r  small wave numbers- 
& . According t o  (3.29), t h e  r e s u l t a n t  wave number is lr = / c1 + y2, so 
r- r ,  

, f o r  long-wave d is turbances  t h e  wave numbers a and y i n  t h e  x and z d i r e c t i o n s  r 
must be small. 

remains l i m i t e d ,  t h e  frequency B must l i kewise  assume small  va lues  f o r  small 
wave numbers c1 . 
f requencies  B and small  wave numbers c1 r 
a r e  again introduced f o r  t h e  v e l o c i t y  p r o f i l e  u (y ) ,  t h e  d is turbance  frequency 
B and t h e  wave numbers a and .y ,  then 

Since t h e  phzse v e l o c i t y  i n  t h e  d i r e c t i o n  of flow, c = B/ar, r 

Long-wave d is turbances  a r e  thus  charac te r ized  by low r 
and y .  If dimensional q u a n t i t i e s  

. 

If ,  f o r  f i x e d  d is turbance  frequency f3* and f i x e d  d is turbance  wave numbers/47 - 
a* and y*, t h e  r e fe rence  length  l* i s  made t o  approach zero,  t h e  dimension- 
less v e l o c i t y  p r o f i l e  u(y)  becomes a discont inuous p r o f i l e  (plane vo r t ex  
1ayer)which is  descr ibed by ' I  

[ I  

1 



The'dimensionless q u a n t i t i e s  B ,  a and y.approach zero of f ixed  B * ,  a* 
and y*, while t h e  expressions I 

... -. 

are not a f f e c t e d  by t h e  l i m i t i n g  t r a n s i t i o n  1* + 0 .  
of t h e  v e l o c i t y  p r o f i l e  ; * ( y * )  r e l a t i v e  t o  three-dimensional d i s turbances  
a t  low d is turbance  f requencies  B *  and thus  small dis turbance wave numbers 
a* and y* can t h e r e f o r e  be obtained from a s t a b i l i t y  s tudy of t h e  vo r t ex  
l aye r .  Since t h e  vo r t ex  l a y e r  possesses  no c h a r a c t e r i s t i c  length ,  t h e  
Eigenvalue equat ion can only remain a func t ion  o f  t h e  q u a n t i t i e s  B/a and 
y/a, which according t o  (6.3) a r e  independent o f  t h e  re ference  length .  

Eigenvalue Equation f o r  the  Compressible Vortex Layer 

The s t a b i l i t y  behavior 

6.2 

In  t h e  fol lowing,  t h e  s t a b i l i t y  behavior of  t h e  compressible vo r t ex  
l a y e r  is  determined r e l a t i v e  t o  s p a c i a l l y  ampl i f ied ,  three-dimensional 
d i s turbances .  A check is  then  made as t o  how wel l  t h e  r e s u l t s  f o r  t h e  
vo r t ex  1-ayer desc r ibe  t h e  s t a b i l i t y  behavior  of  t h e  Lock p r o f i l e  being 
s tud ied  f o r  low d is turbance  frequencies .  For  t h e  vor tex  l aye r ,  u '  = u" = 0 
f o r  y # 0,  so  t h e  d i f f e r e n t i a l  equation (3.19) f o r  Eigenfunction $ assumes 
(cf. equat ion ( 4 . 3 ) )  t h e  form 

- - 

! 

I 
--- - 
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I 

If one t a k e s  i n t o  cons idera t ion  t h e  boundary condi t ions (3.27),  $ (+ a) = 
0, one ob ta ins  t h e  fol lowing s o l u t i o n  f o r  $ ( c f .  equation (4 .5 ) ) :  

# 'p2 = Ae w2y  9 ,  A and B complex cons tan ts ,  (6.5) /48 ' q,-= B e  -w . - 
- -  

_ _ x -  - .  . -- . ~ 

where uk i s  determined from equation (4.7) and (4.8) ;  i n  p a r t i c u l a r ,  again 

w > 0. Both s o l u t i o n s  must s a t i s f y  t h e  fol lowing r e l a t i o n s h i p  condi t ions  k r  
- - _. _ _  - - --.- - 

~ 

a t  - t h e  vo r t ex  l a y e r  (y = 0) : . -  

I '  
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The v e l o c i t y  component normal t o  t h e  de f l ec t ed  vo r t ex  l a y e r  must 
be  t h e  same on both s i d e s  of t h e  vo r t ex  l a y e r .  
t o  t h e  requirement t h a t  t h e  vor tex  l aye r  be formed by t h e  same 
f l u i d  p a r t i c l e s  a t  a l l  times. 

The p res su re  must be equal on both s i d e s  of t h e  vo r t ex  l a y e r .  

This  i s  i d e n t i c a l  

! 
i 

These r e l a t i o n s h i p  condi t ions  lead  t o  a l i n e a r ,  homogeneous system of 
equat ions f o r  the f r e e ' c o n s t a n t s  A and B which has non-zero s o l u t i o n s  on ly  
f o r  c e r t a i n  Eigenvalues B/a = f(M, T2, 0 ) .  

s o l u t i o n s  t o  t h e  so-ca l led  Eigenvalue equat ion.  

These Eigenvalues B/a a r e  

For t h e  equat ion f o r  t h e  d i s tu rbed  vo r t ex  l a y e r ,  one can s e t  
L _  

; . . .  

, with _ _  % - 

' 

q = C exp [ ; ( a x  + y z  - ~ t ) ]  c = cons t .  
... 

I 
! 

' The first condi t ion ,  t h a t  t h e  vo r t ex  l a y e r  always deforms by t h e  same f l u i d  
par t ic les ,  is t h e n  i d e n t i c a l  t o  the requirement 

I 

I .  
I 
I 
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! DH aH at-i a H  a H  1 - ,=- 
, D t  a t  (6.7) 

+ v  -- + w  - = 0. 
a z  

i - .  
+' ax a Y  - .  

If t h e  d i s tu rbance  equat ion ( 3 . 2 )  i s  s u b s t i t u t e d  i n t o  (6.7) and t h e  
equat ion i s  l i n e a r i z e d  i n  terms of  t h e  d is turbance  q u a n t i t i e s ,  t h e  r e s u l t  i s  

,-. . . . . . . . . . . . . . . . .  . .  

From t h i s  one ob ta ins ,  wi th  equat ions (3.5) and (6.6) ,  t h e  first 
r e l a t i o n s h i p  condi t ion  

,....- . . .  ...... 

The second condi t ion ,  t h a t  of p re s su re  e q u a l i t y  on both s i d e s  of t h e  
vo r t ex  l a y e r , i s  i d e n t i c a l  t o  t h e  requirement t h a t  t h e  amplitude func t ions  

. G1 and G, f o r  t h e  p re s su re  d is turbances  i n  both  a reas  be  equal a t  t h e  vor tex  

l a y e r .  Thus from (3.17) t h e  second r e l a t i o n s h i p  condi t ion  i s  found t o  be 
- - . C'& - . _ _  

~ _ _ -  
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If t h e  s o l u t i o n s  (6.5) f o r  Eigenfunction (p i n  t h e  two a reas  a r e  s u b s t i -  
t u t e d  i n t o  equations (6.9) and (6.10),  two equations a r e  obtained f o r  
determining t h e  cons tan t  A and B :  

I I 
a g-p.B a = o J  I 

, ' 7 -  E a .A  f b . B  P- = o m  i I 

* A  - ; I  
k , - P  

f2 UJ2 

(6.11) L -  

I 

71 "1 j _ -  - * -  

I 
This homogeneous system o f  equations has n o n t r i v i a l  s o l u t i o n s  f o r  A 

and B only i f  t h e  c o e f f i c i e n t  determinant  d i sappea r s .  From t h i s  one 
I 

- ob ta ins  t h e  Eigenvalue equation i 

(6.12) 
- - .  

~ 

o r ,  w r i t t e n  out  with equations (3.16) and (4.3) ,  

. . . .. . . ~~. . .~ .. .. . ~. . . . .  

6 . 3  Solu t ions  t o  the Eigenvalue Equation 

The s o l u t i o n s  t o  t h e  Eigenvalue equation have been d iscussed  by P a i  [41],  
Miles [39, 401 and Lessen, Fox and Zien [23, 241 among o t h e r s .  For low 
v e l o c i t i e s  wi th  compress ib i l i t y  e f f e c t s  approaching ze ro  (M = 0 ) ,  equat ion 
(6.13) assumes t h e  form 

(6.14) 



. -  - 
i ,e. t h e  angle of incidence 0 of t h e  d is turbance  a s  given by (3.29) no 
longer occurs i n  t h e  Eigenvalue equat ion.  
Eigenvalue 

One then  ob ta ins  f o r  t h e  ! 

I i 
j 

i 

I 

I 

I 

i (6.15) ' 
~ 

i 
Here, t h a t  s o l u t i o n  is  se l ec t ed  which l eads  t o  a negat ive a f o r  

spac ia l  ampl i f i ca t ion .  
r e l a t i v e  t o  a l l  d i s turbance  f requencies ,  as has  a l ready  been shown by 
Rayleigh [43]. The Eigenvalue equation (6.13) i s  gene ra l ly  not  so lub le  
- i n  closed f o r m  f o r  a r b i t r a r y  Mach numbers M and environment temperatures 

T2. 
f o r  two s p e c i a l  cases .  

i 
The incompressible vo r t ex  l aye r  i s  thus  uns tab le  

For two-dimensional d i s turbances ,  Miles [39] gives  the  closed s o l u t i o n  

For T2 = 1, he  f i n d s  t h e  Eigenvalue as  a func t ion  of  

, _ ,  .- .. . ~ 
. ,~ . .  .i ' , ,. . ;- '-1 .7 ... : . . Mach number t o  be 

I 
,_>_-__._ ~ 2 ~ 7 .-- --  . -. - 

(6.16) 
i 
I 

- 
~ I - I  

- - _ -  - . _  - - -  
- -  -_ - -- - - 

_ _  ~. 

According t o  (6.16),  t h e  compressible vo r t ex  l aye r  f o r  T2 = 1 becomes - /51 
more and more s t a b l e  with increas ing  Mach number M ( f o r  s p a c i a l  and time- 
wise ampl i f ica t ion)  and i s  s t a b l e  r e l a t i v e  t o  a l l  d i s turbance  f requencies  
f o r  M > 2 4. Miles also f i n d s  t h a t  f o r  a r b i t r a r y  F2, t h e  compressible 

vo r t ex  l aye r  is  s t a b l e  r e l a t i v e  t o  two-dimensional d i s turbances  f o r  
I 

-1/3 3/2 M Z ( 1 + - T 2  ) ! .  
I 

(6.17)- ' 
1 
i - 1 L-+ . -  . _ _ I I  ---- 

The s o l u t i o n s  t o  equat ion (6.13) have been determined numerically f o r  

From t h e  complex s o l u t i o n s  f o r  B/a, 

a r b i t r a r y  combinations of  Mach number M and environment temperature T and 

two-dimensional d i s turbances  (y = 0 ) .  
it i s  poss ib l e  t o  ob ta in  t h e  phase v e l o c i t y  and t h e  degree of ampl i f i ca t ion  
f o r  d i s turbances  amplif ied s p a c i a l l y  and timewise by making e i t h e r  a o r  B 
complex. Figures  9 and 10 show t h e  wave number ar/B and t h e  ampl i f i ca t ion  

parameter -a . /B  f o r  two-dimensional, s p a c i a l l y  amplif ied dis t rubances as a 

func t ion  of Mach number M and environment temperature 

form. 

2 '  

1 
i n  three-dimensional 2 ~ 

One can s e e  t h a t  t h e  ampl i f ica t ion  inc reases  sharp ly  i n  t h e  reg ion  
- - __ - ' 'a: - - ~ - ~ 
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'of low Mach numbers and low environment temperatures .  

environment temperature has only a s l i g h t  e f f e c t  upon t h e  amplificatj .on 
parameter. 
decrease continuously a t  constant  

becomes more s t a b l e  with increas ing  Mach number. 
Mach l i m i t ,  given by (6.17) i s  exceeded, it becomes s t a b l e  r e l a t i v e  t o  a l l  
d i s turbance  f requencies .  
t h e  dis turbances wi th in  t h e  range 1 (y > 0) or t h e  range 2 (y < 0) first 
assume supersonic  charac te r  with increas ing  Mach number. 
connected by t h e  l i n e s  c1 - c 

neu t r a l  d i s turbances  i n  both ranges have supersonic  cha rac t e r .  
informative,  s ince  t h e  'Eigenvalue equation (6.12) can only have r e a l  
so lu t ions  i f  w 

For T; > 2 ,  t h e  2 

With increas ing  Mach number, t he  ampl i f ica t ion  parameters 
i . e . ,  t h e  compressible vor tex  l aye r  2' I 

Fina l ly ,  a s  a c e r t a i n  

In both f i g u r e s ,  those '  po in t s  a r e  marked a t  which 

These po in t s  a r e  - - 
= al and cT = a r 2 '  One can see  t h a t  t h e  

This  i s  
1 

and w a r e  imaginary and opposi te  s igns  r e s u l t  f rom equation 1 2 I 

(4.8) f o r  t h e  two of them. I 

I 
For two-dimensional d i s turbances  (y = 01, it has been shown t h a t  it makes 

no d i f f e rence  t o  t h e  s o l u t i o n  o f  t h e  Eigenvalue equation (6.13) whether one 
uses  d is turbances  which a r e  amplified timewise o r  s p a c i a l l y .  
dimensional dis turbances (y # 0)  a r e  taken i n t o  cons idera t ion ,  on t h e  
o ther  hand, t h i s  d i f f e r e n t i a t i o n  i s  important,  s ince  t h e  r a t i o  o f  wave 
numbers y / a  is  r e a l  f o r  timewise ampl i f ica t ion  and complex f o r  s p a c i a l  
ampl i f ica t ion .  For timewise-amplified d is turbances ,  i . e . ,  a r e a l ,  it is  
poss ib le  t o  s u b s t i t u t e  t h e  d is turbance  angle 0 given by equation (3.29) i n t o  
(6.13): 

If t h r e e -  

- _ -  - - .  

(6. IS) 

The s o l u t i o n s  B/a (M, T2) t o  equation (6.13), ca lcu la ted  f o r  two- 

dimensional d i s turbances ,  a r e  thus  a l s o  v a l i d  f o r  timewise-amplified th ree -  
dimensional dis turbances i f  t h e  Mach number M i s  replaced by McosO. 
p a r t i c u l a r ,  t h e  compressible 'vortex l a y e r ,  according t o  (6.17),  i s  s t a b l e  

In 

. r e l a t i v e  t o  timewise-amplified d is turbances  (Miles 1401) f o r  Mach numbers: 

I 1 -113 3/2 
i M S  -(1+T2 ) 

cos 0 
(6.19) 

For s p a c i a l  ampl i f ica t ion ,  on t h e  o the r  hand, t h e  so lu t ions  t o  t h e  
Eigenvalue equation (6.13) must be ca lcu la ted  anew a s  func t ions  of t h e  
d is turbance  incidence angle  0 .  
- ai/B for s p a c i a l l y  amplified d is turbances  and an angle of incidence o f  

Figure 11 shows t h e  ampl i f ica t ion  parameter 



0 = 45". 
given by (6.19) f o r  timewise ampl i f i ca t ion .  

The s t a b i l i t y  l i m i t  i s  reached only a t  a h igher  Mach number than 
I , 
I Figure 1 2  shows t h e  dependence of t h e  s p a c i a l  ampl i f i ca t ion  - ai/B 
I 

upon t h e  angle  of incidence 0 of t h e  d is turbance  f o r  var ious  Mach number M 
and environment temperatures ;I; 

upon t h e ,  compressible vo r t ex  l a y e r  d i sappears  with inc reas ing  angle  of  
incidence 0. 
ing e f f e c t ,  p a r t i c u l a r l y  f o r  low environment temperatures .  
c a t i o n  reaches a maximum f o r  a c e r t a i n  angle  0 ,  which l i e s  between 45" and 
70" f o r  t h e  parameter range under s tudy.  

The s t a b i l i z i n g  e f f e c t  of  t h e  Mach number 2 '  I 

For 0 > 45", t h e  Mach number even has  a pronounced d e s t a b i l i z -  
The ampl i f i -  

i 
I 

A t  t h e  beginning of t h i s  s e c t i o n ,  t h e  hypothesis  was p r  sed t h a t  t h e  
form of t h e  v e l o c i t y  p r o f i l e  i n  an a r b i t r a r y  f r e e  shear  l aye r  is of no 

--consequence i f  t h e  d is turbance  wavelength i s  l a r g e  r e l a t i v e  t o  a charac te r -  
i s t i c  p r o f i l e  length .  
f o r  timewise-amplified d is turbances  i n  compressible media. 
ampl i f ica t ion ,  t h e  s t a b i l i t y  behavior of t h e  Lock p r o f i l e  r e l a t i v e  t o  long- 
wave d is turbances  o r  low d is turbance  frequencies  was compared with t h e  
vor tex- layer  behavior .  
na t ions  of  Mach number M and environment temperature 

d is turbances .  
B < 0.005. 

7 .  Numerical Treatment of the Eigenvalue Problem 

7.1 Transformation of t h e  I n i t i a l  Equations 

Drazin and Howard [8] have v e r i f i e d  t h e  hypothesis  
For s p a c i a l  

Figure 13 shows t h i s  comparison f o r  s eve ra l  combi- 
f o r  two-dimensional /53 2 - 

Agreement i s  s a t i s f a c t o r y  f o r  d i s turbance  f requencies  

.~ . ~ 

1; Sect ion  3 . 6 ,  t h e  Eigenvalue problem was formulated i n  t h e  following 
For a given frequency B and a given d is turbance  angle  of  i n c i -  manner: 

dence 0, t h e  Eigenvalues clr and c1 

Eigenfunctions qr (y) and qi Cy) s a t i s f y  t h e  boundary condi t ions  (3.27) . 

Eigenfunction 4, which is l i n e a r  and second-order.  Through r e s o l u t i o n  i n t o  
r e a l  and imaginary components, it is poss ib l e  t o  ob ta in  from t h i s  a system 
of coupled d i f f e r e n t i a l  equations f o r  +,(y) and +.(y). For t h e  numerical 

t rea tment  i t  is des i r ab le '  (see Betchov and Criminale [2]) ,  t o  transform 1 

equat ion (3.19) i n t o  a f i r s t - o r d e r  d i f f e r e n t i a l  equation by introducing a 
new v a r i a b l e  = +'/I$; t o  be s u r e ,  t h e  equation i s  not l i n e a r ,  but  i s  of t h e  
R icca t i  type .  However, it is  poss ib l e  t o  reduce t h e  system of  equations 
(3.17) f o r  t h e  Eigenfunctions < and + t o  a f i r s t - o r d e r  d i f f e r e n t i a l  equation 
of  t h e  R icca t i  type  d i r e c t l y ,  by in t roduct ing  a new v a r i a b l e  x defined as 
fol lows : 

a r e  t o  be so  determined t h a t  t h e  i 
To 

. t h i s  end, one could s ta r t  with t h e  d i f f e r e n t i a l  equation (3.19) f o r  t h e  

- -  1 

I__.. -.- 
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The advantage of  t h e  x t ransformation r e l a t i v e  t o  t h e  0 t ransformat ion  
becomes apparent i n  thKnumerica1 t reatment  of  n e u t r a l  supersonic  d i s -  
turbance-s. A s  was shown i n  Sect ion 5 .2 ,  $I' becomes s i n g u l a r  i n  t h e  c r i t i c a l  
l a y e r ,  whereas 6, and remain r e g u l a r .  Fo r  n e u t r a l  supersonic  d i s t u r b -  
ances,  t he re fo re ,  @ i s  s i n g u l a r  i n  t h e  c r i t i c a ?  l a y e r ,  and x remains r egu la r  
( see  Appendix Sec t ion  9 .4) .  

1_ With (7.1) ,  t h e  system of  equat ions (3.17) becomes a d i f f e r e n t i a l  
equat ion f o r  x: 

(7.2) 

In Sect ion 4 .1  it was shown t h a t  t h e  asymptotic behavior  of  a l l  
.E igenfunct ion  descr ibed  by (4.5) .  The func t ion  x from (7.1) must t h e r e f o r e  

approach a constant  va lue  asymptot ica l ly  f o r  y + k Q), and i t s  d e r i v a t i v e  
must disappear .  Equation (7.2) t h u s  y i e l d s  

- -  _ _  . - -  . - - 
= _  - - r  r -  

- - 

where t h e  s i g n s  a r e  again s p e c i f i e d  such t h a t  w > 0 and t h e  s i g n  of w k r  k i  is 
determined by (4.8) , 

It  is d e s i r a b l e  i n  t h e  numerical t rea tment  o f  t h e  Eigenvalue problem 
t o  change t h e  independent v a r i a b l e s  i n  equat ion (7.2) .  
2 ,  t h e  v e l o c i t y  p r o f i l e  u(y)  becomes independent of  t h e  Mach number M and 
t h e  environment temperature  

v a r i a b l e  Y i n  accordance with equat ion (2.16).  
, (7.2) is  transformed us ing  (2.16), t h e  r e s u l t  i s  

According t o  Sec t ion  

a s  t h e  r e s u l t  o f  in t roducing  t h e  new 2 
If t h e  d i f f e r e n t i a l  equat ion  

(7.4)' 

The Mach number M,  t h e  environment temperature  and t h e  i s e n t r o p i c  2 
exponent IC a r e  now contained only i n  t h e  expression G-T (see  equat ion (2.14) 
and (3.15)). The un ive r sa l  v e l o c i t y  p r o f i l e  
(2.27).  i 

(y) i s  given by equat ion 
I 

I 
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7.2 Calcu la t ion  of  the Eigenvalues 

Calcu la t ion  of t h e  Eigenvalues cxr and cx f o r  t h e  d i f f e r e n t i a l  equat ion  i 
(7.4) f o r  given va lues  of  B and 0 is c a r r i e d  out u s ing  t h e  method given by 
Michalke [38] .  
v a r i a b l e ;  t h i s  reduces t h e  range of  i n t e g r a t i o n  -a, 5 
6 < u < 6 with  6 

The v e l o c i t y  6 i s  s u b s t i t u t e d  i n t o  (7.4) a s  a new independent 
5 +co to 1 

= 1. and U2 = 0 .  2 =  = 1 1 
I 

One ob ta ins  
. .  . . . . . . . . . .  . . . . . . . .  - . 

-. ...... - . . . .  .. 
. _. 

\ '  - 

where, according t o  (2.271, 

I - -. - - _ -  . . -  . -.A . _. _ _  
-1 . 

l / b  I N(D)= - " - - 2 a b ( l  - G ) [ l - ( l - G )  1 d Y  
- . . . . . . . . . . . . .  

The boundary va lues  ~ ( 6 ~ )  and ~ ( 6 , )  fol low from (7.3) : 
1 

- _ _  .- - - ._ - -  - ........... -_ . .. . . . . . . .  

........ -. . . . . . . .  _-I . 

The d e r i v a t i v e  of t h e  func t ion  ~ ( 6 )  a t  t h e  boundaries must 

....... 

(7 .71  

be determined 
i n  accordance wi th  1 ' H o s p i t a l ' s  r u l e ,  s i n c e  i n  (7.5) both t h e  bracketed 
expression and t h e  func t ion  N ( 6 )  d i sappear ,  according t o  (7.6) and (7.7) f o r  
6 = 1 and U2 = 0 .  i I 

i 1 
I , .  

* - - . __. . - - - .  - - -  -_  
1 I 

1 
Resolut ion o f  (7.5) i n t o  r e a l  and imaginary components again l eads  t o  

a system of coupled d i f f e r e n t i a l  equations f o r  x, and x 
t h e  boundary va lues  x (6 
boundaries,  are obtained through t h e  r e s o l u t i o n  of equations (7.7)  and (7 .8) .  

Correspondingly, 

) , as wel l  a s  t h e  d e r i v a t i v e  a t  t h e  
i '  

) and xi (6 r 1 , 2  1 , 2  I 

-~ .......... . ~~ ........ .- ........... .................. .... ~. ~- -.._ .. . ~ - ~ ~  



The d i f f e r e n t i a l  equation (7.5) i s  now in t eg ra t ed  s tepwise,  beginning a t  
t h e  two boundaries 6 < 6 < 6 f o r  two = 1 and U2 = 0 ,  up t o  a va lue  6 1 2 0  1 

I a r b i t r a r y  p a i r s  of values  a = a 

d i f f e rence  

+ i a  r i' and i n  each case t h e  complex 

I I _. - . . - - . -  -. - 
! 

I 
l A(a,,ai) = ~ ( G o + O ) - ~ ( ~ o - O ) ,  (7 - 9 )  

. . _ . .  I 

which must become zero f o r  t h e  Eigenvalues ar and a .  being sought,  is  calcu-  

l a t e d .  For t h e  given p a i r s  of values  a1 and a t h e  d i f f e rences  A and 'A2, 

from which an improved p a i r  of values  a 

a r e  ca l cu la t ed  from equation (7.9) .  Through renewed i n t e g r a t i o n  o f  t h e  
d i f f e r e n t i a l  equation (7.5) with t h e  p a i r  of values  a 

d i f f e rence  A is  obta ined ,  3 
parabol ic  i n t e r p o l a t i o n  unti-1 t h e  d i f f e rence  ] A I  < E with E = 

The i n t e g r a t i o n  i s  accomplished using a Runge-Kutta method with automatic 
s t e p  s e l e c t i o n .  
with nine decimal p l aces .  

/56 - 1 

2'  1 
is obtained by l i n e a r  i n t e r p o l a t i o n ,  3 

t h e  assoc ia ted  3' 
A f u r t h e r  improvement i n  a r e s u l t s  from repeated 

[ x(uo) 1 .  

The ca l cu la t ions  were c a r r i e d  out  on a d i g i t a l  computer 

For ca l cu la t ing  t h e  Eigenvalues of t h e  neut dis turbances with a = 0 i 
a s  t h e  l i m i t i n g  case of amplif ied d is turbances ,  it i s  again necessary t o  
d i f f e r e n t i a t e  between subsonic,  sonic  and supersonic  cha rac t e r .  As was 
demonstrated i n  Sect ion 5.1,  t h e  phase v e l o c i t y  c 

ance i n  t h e  d i r e c t i o n  of f l o w  i s  a so lu t ion  t o  (5.3) only f o r  subsonic 
and son ic  d is turbances .  
d i f f e r e n t i a l  equat ion (7.5) i s  r egu la r  with a l l  de r iva t ives  i n  t h e  c r i t i c a l  
l a y e r  and r e a l  over t h e  e n t i r e  range of i n t e g r a t i o n ,  i . e . ,  x. (6 5 0 (see 

s o l u t i o n  x ( 6 )  a r e  l ikewise  r e a l ,  s ince  u2 >_ 0 f o r  neu t r a l  subsonic and 

sonic  d is turbances .  

determined from (5.3) ,  only t h e  neu t r a l  wave number aN s t i l l  appears as  an 

Eigenvalue i n  t h e  d i f f e r e n t i a l  equation (7.5) .  The Eigenvalue a can be 

ca lcu la ted  using t h e  method given above as  t h e  func t ion  of t h e  d is turbance  
angle of i nc iden t  0 .  

In Sect ion 5 . 2 ,  t h e  s tudy of neu t r a l  d i s turbances  w i t h  supersonic  

of t h e  neu t r a l  d i s t u r b -  N 

In t h i s  case,  t h e  s o l u t i o n  curve ~ ( 6 )  t o  t h e  

1 
. Appendix Sec t ion  9.4) .  The boundary values  given by (7.7) and (7.8) f o r  t h e  

k -  
Since ' the  n e u t r a l  phase v e l o c i t y  cN = BN/aN can be 

N 
, 

1 

charac te r  showed t h a t  t h e i r  phase v e l o c i t y  cN can not s a t i s f y  (5 .3) ,  so  

t h e  d i f f e r e n t i a l  equation (7.5) becomes s ingu la r  i n  t h e  c r i t i c a l  l a y e r .  In  
Appendix Sec t ion  9 .4  it i s  shown t h a t  x remains r egu la r  i n  t h e  c r i t i c a l  

I 

_ _  - - - - - . -  . - . - - - 
- _ _  
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l aye r ,  whereas a l l  d e r i v a t i v e s  of x become s i n g u l a r  l oga r i thmica l ly .  More- 
over ,  x must a l s o  be taken  a s  complex f o r  n e u t r a l  supersonic  d is turbances .  
Due t o  t h i s  s i n g u l a r  cha rac t e r  of t h e  s o l u t i o n s ,  t h e s e  n e u t r a l  d i s turbances  
cannot be  ca l cu la t ed  exac t ly .  
d i s turbances  can only  be determined approximately through i n t e r p o l a t i o n  from 
t h e  neighboring, weakly amplif ied d is turbances ,  whose s o l u t i o n  curves 
x(U) are always r e g u l a r  

The Eigenvalues o f  t h e  n e u t r a l  supersonic  

7 . 3  Calcula t ion  of t h e  Eigenfunction 

The Eigenfunctions a s soc ia t ed  with t h e  Eigenvalues were determined by 
i n t e g r a t i n g  t h e  system of coupled d i f f e r e n t i a l  equat ions (3.17) f o r  t h e  
complex E igenfmc t ions  <Cy) and @ ( y ) .  Here, t o o ,  it i s  d e s i r a b l e  t o  
in t roduce  t h e  independent v a r i a b l e  Y ,  given by [2.16),  i n  p l ace  of y ,  s i n c e  
t h e - v e l o c i t y  p r o f i l e  U(y) is  independent of t h e  Mach number M and t h e  
environment temperature T 2 '  
versus  y is phys ica l ly  meaningful,  so  t h e  curve of y[Y) must l ikewise  be  
determined from (2.16).  The following system of  equat ions must then  be  
in t eg ra t ed  : 

To b e  s u r e ,  only a p l o t  of  t h e  Eigenfunctions 

. I .  

! a 

(7.10) 

. .  
! 

Through r e s o l u t i o n  of t h e  f irst  two equat ions of  (7.10) i n t o  real  and 
imaginary components, 'a system of f o u r  coupled f i r s t - o r d e r  d i f f e r e n t i a l  
equat ions is  obtained for t h e  Eigenfunctions 

The system of  equat ions (7.10) has  t h r e e  f ree  cons t an t s ,  of which one, 
according t o  (2 .16) ,  is determined-by t h e  requirement y(Y = 0) = 0 ,  whereas 
t h e  o t h e r s  can be  chosen a r b i t r a r i l y .  
s t a r t ' a t  Y = 0 .  
(7.1), l inked  by t h e  condi t ion  

Consequently, t h e  i n t e g r a t i o n  must 
The complex func t ion  va lues  G(0) and @[O) a r e ,  according t o  

48 

- -  



‘ (7 .11)  I 

t 

The complex func t ion  va lue  x ( 0 )  i s  obtained by i n t e g r a t i n g  t h e  d i f f e r e n t i a l  
equation (7.5) from one of  t h e  two boundaries u1 o r  6 2 
u ( Y  = 0 ) .  

$i ’(0) = 0 a r e  now chosen, t h e  i n t e g r a t i o n  begins a t  Y = 0 with t h e  follow- 

ing values  f o r  3, .$ and y :  

/58 
I- t o  t h e  value 
! If,’ corresponding t o  t h e  two f r e e  cons tan ts ,  $r (0) = 1 and 

, 

I 
I .__- I _ L  - 

I 
I 

- - .. - . .  

I 
The i n t e g r a t i o n  i s  c a r r i e d  out i n  t h e  p o s i t i v e  and negat ive Y d i r e c t i o n s  

u n t i l  t h e  asymptotic behavior of t h e  Eigenfunctions descr ibed by (4.5) i s  
obtained.  The i n t e g r a t i o n  again was c a r r i e d  out  using a Runge-Kutta 
method. 
i n t e g r a t i o n ,  i n  accordance with (3.20) and (3.23), whi le ‘ the  curves of  h and 
r were not determined. In  t h e  next s ec t ion ,  t h e  numerical r e s u l t s  which 
were obtained a r e  d iscussed ,  - 

The Eigenfunctions f and 0 were determined simultaneously with t h e  

- - . - __  

8. Discussion o f  t h e  Numerical Results 

The s t a b i l i t y  behavior of t h e  Lock p r o f i l e  r e l a t i v e  t o  threeidimensional  
s p a c i a l l y  amplif ied d is turbances  was s tud ied  f o r  Mach numbers 0 2  M < 3 and 
environment temperatures 0.6< ;I; < 2 f o r  a i r  with K = 1.4 .  ,= 2 = 
temperatures ;I; < 1 mean a cooled f r e e  j e t ’ a n d  2 2 
The l a r g e s t  po r t ion  of t h e  numerical s t u d i e s  were l imi t ed  t o  t h e  s t a b i l i t y  

Consideration o f  three-dimensional d i s turbances  a l ters  t h e  s t a b i l i t y  behavior 
only q u a n t i t a t i v e l y ,  r a t h e r  than q u a l i t a t i v e l y .  

EnTironEent 

> 1, a heated f r e e  j e t .  

of t h e  Lock p r o f i l e  r e l a t i v e  t o  two-dimensional d i s turbances- (0  = 0 ) .  I 

I 
! 
I 

Figure 14 shows t h e  ampl i f ica t ion  parameter -ai f o r  two-dimensional 

- dis turbances  a s  a func t ion  of d i s turbance  frequency $ arrd Mach number M f o r  
T2 = 1 i n  a three-dimensional r ep resen ta t ion .  For M = cons t . ,  t h e  ampl i f i -  

ca t ion  increases  with increas ing  frequency f3, up t o  a maximum value ,  then 
drops o f f  again and f i n a l l y  becomes zero a s  t h e  n e u t r a l  d i s turbance  frequency- 
BN is reached. The n e u t r a l  d i s turbances ,  a s  a l i m i t i n g  case of amplified 

d is turbances ,  a r e  joined by t h e  l i n e s  a = 0 .  The Lock p r o f i l e  e x h i b i t s  

s t a b l e  behavior r e l a t i v e  t o  d is turbance  frequency f3 > B N .  The s t a b i l i t y  

, 

i I 
’ 
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behavior of t h e  Lock p r o f i l e  r e l a t i v e  t o  low f requencies -has  a l ready  been 
determined i n  Sec t ion  6.  The ampl i f ica t ion  parameters -ai/B(M, F2, 0 )  

ca lcu la t ed  t h e r e  f o r  t h e  compressible vortex l aye r  a r e  i d e n t i c a l  t o  t h e  s lope  /59 
- (aai/aB)M,T ,o of t h e  ampl i f ica t ion  curve f o r  t h e  Lock p r o f i l e  a t  t h e  po in t  

B = 0 .  I 

2 

I 

One can s e e  t h a t  t h e  maximum amplificati ,on is  g r e a t e s t  f o r  M = 0 and 
f a l l s  o f f  sha rp ly  with increas ing  Mach number. The reg ion  of amplified 
f requencies  6 i s  l ikewise  g r e a t e s t  f o r  M = 0 and becomes smaller  with 
increas ing  Mach number. 
with increas ing  Mach number. Since t h e  phase v e l o c i t y  c does not  exceed 

t h e  value of 1, a l l  d i s turbances  have subsonic  cha rac t e r  a t  both edges o f  
t h e  boundary l a y e r  M < 1. If t h e  Mach number i s  increased a t  constant  
d i s turbance  frequency, t h e  d is turbances  f irst  assume son ic  cha rac t e r  a t  t h e  

r = a 2 ’  o u t e r  boundary-layer edge, corresponding t o  reaching t h e  l i n e  c 

p a r t i c u l a r ,  

t h e  Mach number i s  f u r t h e r  increased,  then  cN > a 
turbances are now s ingu la r  and can only be ca l cu la t ed  *approximately. 
s ingu la r  n e u t r a l  d i s turbances  a r e  connected v i a  t h e  dashed l i n e  ct = 0 .  One 

can s e e  t h a t  t h e  region of amplif ied frequencies  becomes smal les t  f o r  t hose  
Mach numbers f o r  which t h e  assoc ia ted  ampl i f ica t ion  curve -a,(B) leads t o  

The Lock p r o f i l e  thus  becomes more and more s t a b l e  

r 

- 
In  

- .  
app l i e s  f o r  t h e  n e u t r a l  d i s turbance  on t h i s  l i n e .  If ‘N = a2  

i . e . ,  t h e  neu t r a l  d i s -  2’ 
The 

i 

I - 
t h e  n e u t r a l  son ic  d is turbance  with cN = a2 .  For  h igher  Mach numbers, t h e  

~ 

frequency range o f  amplif ied d is turbances  again inc reases  slowly. 
- 

Afte r  t h e  l i n e  cr = a2 i s  passed on t h e  l i n e s  o f  constant  d i s turbance  

frequency 6, a l l  d i s turbances  have supersonic  cha rac t e r  a t  t h e  ou te r  edge 
of t h e  boundary layer.  
numbers M > 2 ,  moreover, t h e  d is turbances  assume supersonic  cha rac t e r  i n s i d e  
t h e  j e t .  This  i s  charac te r ized  by cross ing  over t h e  l i n e  u 
t h e  region o f  supersonic  d is turbances ,  t h e  ampl i f ica t ion  parameter i s  
r e l a t i v e l y  small, and a r i s e  i n  t h e  Mach number has only a s l i g h t  s t a b i l i z i n g  
e f f e c t ,  C h a r a c t e r i s t i c  of t h e  supersonic  region is  t h e  f a c t  t h a t  t h e  
ampl i f i ca t ion  curves -a . (B)  can exh ib i t  two r e l a t i v e  maxima f o r  M - const .  - 

The maxima i n  t h e  ampl i f ica t ion  curves have been connected by dashed l i n e s .  

For d i s turbance  frequencies  6 < 0.02 and Mach 
. -  - cr = a l .  In  

1 

1 
Figures  15 and 16 show t h e  ampl i f ica t ion  parameter -ai f o r  t h e  

environment temperature  

j e t ) .  
d i s turbances  i s  increased  sharp ly  by cool ing t h e  f r e e  j e t  and the  region of  
amplif ied f requencies  i s  reduced. 
weaker ampl i f i ca t ion  of t h e  d is turbances ,  while t h e  reg ion  of amplif ied 
f requencies  become l a r g e r .  The cooled f r e e  j e t  (Figure 15) e x h i b i t s  a 

SO 

= 0.6 (cooled f r e e  j e t )  and T2 = 2 (heated f r e e  2 
Comparison with t h e  r e s u l t s  f o r  T2 = 1 show t h a t  t h e  ampl i f ica t ion  of  

Heating of t h e  f r e e  j e t  has t h e  e f f e c t  o f  /60 - 
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discont inuous inc rease  i n  t h e  range of amplified f requencies  f o r  i nc reas ing  
Mach number near  t h e  n e u t r a l  son ic  d is turbance ,  with cN = a 
continu6us r i s e  .is a l s o  somewhat l e s s  marked f o r  T = 1, b u t  it is no longer 

p e r c e p t i b l e '  f o r  T = 2 .  

This d i s -  2 '  

2 
A more exac t  study shows t h a t  t h i s  pronounced change ,  2 

I 

i n  t h e  n e u t r a l  d i s turbance  frequency i s  caused by t h e  occurrence of a 
second d i s tu rbance  mode which is gene ra l ly  amplified more weakly than  t h e  
first mode, represented  i n  Figures 14, 15 and. 16, and thus  was not shown. 
Apparently t h e  second mode a l s o  has  an a p p r e c i a b l e . e f f e c t  only upon t h e  
s t a b i l i t y  behavior  of t h e  cooled f r e e - j e t  boundary l a y e r .  The l i n e s  B = 
c o n i t .  were t h e r e f o r e  dashed i n t h e  region o f  n e u t r a l  son ic  d is turbance ,  
s i n c e  they  only provide an approximate r e p r e s e n t a t i o n  of t h e  t r u e  curve.  
The c h a r a c t e r i s t i c  f e a t u r e s  of t h e  second mode a r e  d iscussed  below. I 

I 

F igures 17 ,  18 and 19 show t h e  wave number c1 of t h e  two-dimensional 

The d is turbance  

I 

r 
dis turbances  as func t ions  of d i s tu rbance  frequency B and Mach number M f o r  
t h e  environment temperature T = 1, T2 = 0.6 and T2 = 2 .  
wave numbers a r / B ( M ,  T2 0) c a l c u l a t e d  f o r  t h e  compressible vo r t ex  l a y e r  are 

2 

i d e n t i c a l  t o  t h e  s lopes  (aa,/aB),,-i; ,0 of t h e  curves f o r  B = 0.  Figures 
2 

20, 21  and 22 show t h e  phase v e l o c i t y  cr = B/ar o f  t h e  d i s tu rbances  a s  a 

func t ion  of d i s turbance  frequency B and Mach number M f o r  t h e  environment 
temperatures  = 1, T2 = 0.6 and T. = 2 i n  a three-dimensional represen-  

t a t i o n .  For B = 0,  t h e  phase v e l o c i t y  cr as a func t ion  of M and T2 could 

again be taken  from t h e  s t a b i l i t y - s t u d y  r e s u l t s  f o r  t h e  compressible vo r t ex  
1 ayer  . ! 

2 2 

The r e s u l t s  up t o  now show t h a t  'the p r i n c i p a l  flow being s t u d i e d  i s  

If t h e  vo r t ex  s t r e n g t h  Q ( y )  = -du/dy o f  t h e  
s t a b i l i z e d  by inc reas ing  t h e  Mach number and t h e  environment temperature, at 
l e a s t  f o r  low Mach numbers. 
p r i n c i p a l  flow i s  ca l cu la t ed  f o r  va r ious  combinations of M and T2,  one sees  

t h a t  t h e  maximum vor t ex  s t r e n g t h  of t h e  p r o f i l e s  i s  l ikewise  reduced by 
inc reas ing  t h e  Mach number and t h e  environment temperature  (see Figure 23).  

r e spons ib l e  f o r  t h e  i n s t a b i l i t y  of t h e  f r e e  boundary l a y e r ,  as i n  t h e  case  
of incompressible  flow without thermal conduct iv i ty ,  but a l s o  t h a t  t h e  
d e n s i t y  d i s t r i b u t i o n  (y) a t  t h e  temperature  d i s t r i b u t i o n  ?;(y) have an 
apprec iab le  e f f e c t  (see equation (2.13)) .  For t h e  case  M -+ 0 ,  t h e r e f o r e ,  an 
attempt was made t o  g ive  s p e c i a l  t rea tment  t o  t h e  e f f e c t  of t h e  vor tex-  
s t r e n g t h  d i s t r i b u t i o n  and t h a t  of t h e  d e n s i t y  d i s t r i b u t i o n .  
e f f e c t  of va r ious  d e n s i t y  d i s t r i b u t i o n s  upon t h e  s t a b i l i t y  of a f r e e  
boundary l a y e r  with a p a r t i c u l a r  v e l o c i t y  p r o f i l e  was s tud ied .  

ampl i f i ca t ion  curves f o r  t h r e e  d i f f e r e n t  temperature p r o f i l e s  (?;* = 0.6,  1, 

2 ) .  One can s e e  t h a t  even a t  Mach number M = 0 ,  hea t ing  t h e  boundary l a y e r  

i 

/61 I t  is  apparent,  -however, 'not only t h a t  t h e  vor tex-s t rength  d i s t r i b u t i o n  i s  - 

I n i t i a l l y ,  t h e  

The v e l o c i t y  
- p r o f i l e s  f o r  M = 0 and T2 = 1 was chosen f o r  t h i s .  Figure 24 shows t h e  

1 

- . .. _ _  -~ - 
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has a s t ab i l i z ' i ng  e f f e c t .  
- t h e  dens i ty  d i s t r i b u t i o n  a r e  coupled v i a  t h e  v e l o c i t y  and temperature pro- 

' f i l e s ,  however. According t o  Figure 25, t h i s  boundary-layer s t a b i l i z a t i o n  

In  genera l ,  t h e  vo r t ex - s t r eng th  d i s t r i b u t i o n  and 

e f f e c t  is  increased even more by hea t ing ,  due t o  coupling of t h e  v e l o c i t y  
and temperature p r o f i l e s .  

I 

The e f f e c t  of Mach number upon t h e  ampl i f i ca t ion  parameter -0: i s  I 

i I 

. represented f o r  cons tan t  environment temperature T i n  Figure 26 f o r  t h e  2 
constant  d i s turbance  frequency B = 0.08, 
made very  much more s t a b l e  by hea t ing  ( r a i s i n g  F2) f o r  Mach numbers M < 1.5 ,  

whereas h e a t i n g ' h a s  t h e  oppos i te  e f f e c t  f o r  h igher  Mach numbers. 
a l s o  makes it clear.  t h a t  a r i se  i n  Mach number has  a g r e a t  s t a b i l i z i n g  
e f f e c t  f o r  M < 1.5 ;  f o r  h igher  Mach numbers, t h e  s t a b i l i z i n g  e f f e c t  i s  
s l i g h t .  

0.6.  
cu l a t ed .  

I t  i s  found t h a t  t h e  f r e e  j e t  is 

Figure 26 

The dashed curve shows t h e  ampl i f ica t ion  of t h e  second mode f o r  T2 = 

For o t h e r  environment temperatures ,  t h e  second mode has not  been c a l -  

The e f f e c t  o f  t h e  i s e n t r o p i c  exponent K f o r  t h e  flowing gas  upon t h e  
s t a b i l i t y  of t h e  flow i s  shown i n  Figure 27. 
gases  with K = 1.10  (e.g.  f r eon) ,  t h e  ampl i f i ca t ion  parameter f o r  two- 
dimensional d i s turbances  i s  genera l ly  g r e a t e r  than i n  a i r .  
i nc rease  with inc reas ing  Mach number and decreasing environment temperature.  

I n  t h e  fol lowing,  t h e  c h a r a c t e r i s t i c  f e a t u r e s  of t h e  second d is turbance  

In  f r e e  boundary l a y e r s  i n  

The devia t ions  

mode a r e  explained.  
son ic  d is turbance  c 

Figure 28 shows t h e  ampl i f i ca t ion  parameter ;ii as a func t ion  o f  d i s turbance  

frequency 
1 .4  < M <, 2 f o r  t h e  environment temperature 5; = 0.6. Figure 28 thus  r ep re -  

s e n t s  a magnified sec t ion  of Figure 15; t h e  p l o t  he re  - i s  two-dimensional, 
though. 

mode first occurs  a t  M % 1.54 as t h e  Mach number is  increased .  
mode i s  amplif ied only wi th in  a small frequency range,  which inc ludes  t h e  
corresponding n e u t r a l  d i s turbance  frequency o f  t h e  f i r s t  mode. 
c a t i o n  curve - c i i ( B )  of  t h e  second mode tG-s possess  two n e u t r a l  d i s turbances  

with 8, > 0. 
.amplif ied more and more sharp ly ,  and t h e  amplif ied frequency range becomes 
wider. 
i n t e r s e c t  f o r  Mach numbers M 5 1.64. 
B ,  t h e r e f o r e ,  t h e  d i s tu rbances  of both modes experience t h e  same s p a c i a l  
ampl i f ica t ion ;  however, t h e  two d is turbances  a r e  propagated with d i f f e r e n t  
phase v e l o c i t i e s .  
turbances of t h e  f i r s t  and second modes, For M <  1.64,  a l l  d i s turbances  of 
t h e  first mode have subsonic charac te r  over t h e  e n t i r e  flow reg ion ,  whereas 

. a l l  d i s turbances  of t h e  second mode assume supersonic  cha rac t e r  a t  t h e  ou te r  

This - second mode always occurs  around t h e  n e u t r a l  
and is l imi t ed  t o  a narrow range of Mach numbers. N = a2 

- /62 
f o r  t h e  first and second modes i n  t h e  Mach-number range 

- -  2 - -  

For t h e  environment temperature under s tudy,  T2 = 0.6, t h e  second 

The second 

The a m p l i f i -  

I 

As t h e  Mach number i s  f u r t h e r  increased ,  t h e  second mode i s  
I 

The corresponding ampl i f ica t ion  curves of t h e  f i rs t  and second modes 
For a p a r t i c u l a r  d i s turbance  frequency 

Figure 29 shows t h e  assoc ia ted  phase v e l o c i t y  f o r  d i s -  

- _. __ ~ - -- ~ - - -  - _ _ _  . t  - . -  
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boundary-layer edge. The n e u t r a l  d i s turbances  of t h e  f i rs t  mode t h e r e f o r e  
l i e  along ' t h e  l i n e  c < a f o r  M < - 1.64, whereas t h e  two n e u t r a l  d i s t u r b -  

J N 2 - 
ances of t h e  second mode l i e  along t h e  l i n e  c > a The l i n e  cN > a was N 2 '  2 
dashed i n  t o  i n d i c a t e  t h a t  s i n g u l a r  n e u t r a l  d i s tu rbances  a r e  involved.  

I 1 
The two modes f u s e  f o r  Mach numbers M > 1.64, and s imultaneously s p l i t  

I t  is cha rac t e r -  
up aga in .  
no longer  i n t e r s e c t  fol lowing t h e  transformat,ion process .  
i s t i c  of t h e  t ransformat ion  process  t h a t  t h e  n e u t r a l  d i s turbance  Erequency 
of bo th  modes changes d iscont inuous ly ,  a fact  which has  a l r eady  been pointed 
o u t ' i n  t h e  d i scuss ion  on Figure 15. 
mode assumes supersonic  cha rac t e r  f o r  t h e  first t i m e  he re ,  while  now t h e  
second mode now possesses  a n e u t r a l  subsonic and a n e u t r a l  supersonic  d i s -  
turbance f o r  M > 1.64.  
For M = 1.728, the n e u t r a l  phase v e l o c i t y  c c a l c u l a t e d  i n  accordance with 

(5.3) i s  j u s t  equal t o  t h e  son ic  v e l o c i t y  a i . e . ,  f o r  = 0 .6 ,  t h e r e  a r e  
. r e g u l a r  n e u t r a l  d i s tu rbances  only f o r  M 5 1.728.  

possesses  a r e g u l a r  n e u t r a l  d i s turbance  Following the t ransformat ion  pro-  
c e s s ,  one can assume t h a t  t h e  second mode is no longer  amplif ied f o r  
M >  1.728. The curve dashed i n  f o r  M = 1.67 was no t  ca l cu la t ed .  

Figure 28 shows t h a t  t h e  ampl i f i ca t ion  curve f o r  t h e  two modes I 

The n e u t r a l  d i s tu rbance  of t h e  f i rs t  

The second mode f a l l s  o f f  very  sharp ly  f o r  M > 1.64. 

N 

2;  2 
Since t h e  second mode 

/ 6 3  . - 
s 

The e f f e c t  o f  Mach number upon the n e u t r a l  wave number ctN i s  shown i n  

Figure 30 f o r  va r ious  envir'oiment temperatures  5; . 
same t ime,  how ct 

approximative c a l c u l a t i o n  of n e u t r a l  supersonic  d i s tu rbances  (cN > a,), 

however, was c a r r i e d  out  on ly  f o r  t h e  angle  of inc idence  0 = 0". For T2 = 

0.6 and 0 = O", three n e u t r a l  wave numbers are found i n  t h e  range 
1.54 < M < 1.73, corresponding t o  t h e  occurrence of  t h e  second mode. This 
range becomes smaller and smal le r  f o r  h igher  environment temperatures  and 
i s  no longer  p e r c e p t i b l e  f o r  5; = 2 .  In Figure 31, t h e  ca l cu la t ed  n e u t r a l  

wave numbers f o r  t h e  Lock p r o f i l e  are compared wi th  t h e  r e s u l t s  of  Lessen, 
Fox and Zien [25].  The dev ia t ions  can apparent ly  b e  explained by t h e  f a c t  
t h a t  Lessen, Fox and Zien have ca l cu la t ed  t h e  v e l o c i t y  p r o f i l e  exac t ly  f rom 
t h e  d i f f e r e n t i a l  equat ion (2.20),  whereas t h e  approximative equat ion ( 2 . 2 7 )  
was used for  t h e  v e l o c i t y  p r o f i l e  i n  t h e  a u t h o r ' s  c a l c u l a t i o n s .  

I t  was shown, a t  t h e  - 2  - - - _ _  

changes wi th  t h e  d i s tu rbance  ang le  of incidence 0 .  The N 

2 . 

1 .  

The effect  of  t h e  three-d imens iona l i ty  o f  the  d is turbances  upon t h e  
s t a b i l i t y  o f  t h e  Lock p r o f i l e  i s  shown i n  Figures  32 through 34. 
supplement t h e  r e p r e s e n t a t i o n  of p r o f i l e  s t a b i l i t y  r e l a t i v e  t o  two-dimensional 
d i s tu rbances  i n  Figures  14 through 16 .  
ampl i f i ca t ion  becomes smaller as t h e  d is turbance  angle  o f  incidence 0 
increases ' .  
sma l l e r .  
[SO] f o r  M = 0 (see  Sec t ion  1). 
r e l a t i o n s h i p s  can be  r eve r sed ,  s o  t h a t  three-dimensional d i s turbances  a r e  

They thus  

For low Mach numbers, t h e  maximum 

A t  t h e  same t ime,  t h e  range of  amplif ied f requencies  becomes 

For h igher  Mach numbers, however, t h e  

\ 

This  r e s u l t  co inc ides  with t h e  s ta tement  made by Squ i re ' s  theorem 

,-, - ~ - ~ - _ _  ~- -_  . _ _ _  . -- 



amplif ied more markedly than  two-dimensional. 
t h i s  i s  even t h e  case  f o r  M = 2;  t h e  r e s u l t s  were magnified i n  Figure 35 
f o r  t h i s  Mach number. 
turbances i s  g r e a t e s t  a t  ?? = 0 . 6  f o r  t h e  cooled f r e e  j e t ;  he re  d i s tu rbances  

which a r e  propagated a t  an angle  of 0 = SO". t o  60° r e l a t i v e  t o  t h e  d i r e c t i o n  
of flow a r e  ampl i f ied  t h e  most. Calcu la t ions  show t h a t  a l l  d i s turbances  
which are propagated a t  t h i s  angle  s t i l l  have subsonic cha rac t e r  over  t h e  
e n t i r e  flow f i e l d  even a t  M = 2.  
y2 = 0.6  and 0 = 30" i s  amplif ied almost a s  sharp ly  as t h e  f irst  mode of t h e  

two-dimensional d i s tu rbances .  

In  t h e  Lock p r o f i l e  s t u d i e d ,  

The e f f e c t s  of  th ree-d imens iona l i ty  of t h e  d i s -  

2 I 

, 

/64 
I n t e r e s t i n g l y ,  t h e  second mode found f o r  

- 

I 

T$e Eigenvalues were ca l cu la t ed  from t h e  d i f f e r e n t i a l  equat ion (7.5) 
The curves of t h e  complex f o r  :x(U) us ing  the- method given i n  Sec t ion  7.  

func t ion  x [ ~ ) I  were p l o t t e d  i n  Figure 36 f o r  va r ious  d is turbance  f requencies  
B and f o r  a p r i n c i p a l  flow with M = 1.6 and T2 = 0.6 i n  which t h e  two 

d is turbance  modes a r e  amplif ied.  
turbance freqeuncy BN of t h e  f i r s t  mode (Case 3 ) ;  on t h e  o the r  hand, x i s  

complex f o r  t h e  two s i n g u l a r  n e u t r a l  s o l u t i o n s  of  t h e  second mode (Cases 
4 and 7 ) .  I 

x i s  a pure  real  f o r  t h e  n e u t r a l  d i s -  

I 

The curves o f  s eve ra l  complex Eigenfunct ions were determined f o r  t h e  
maximum ampl i f ied  d is turbance  frequency i n  each case f o r  var ious  Mach 
numbers M and t h e  environment temperature = 1. The r e a l  and imaginary 

components of t h e  Eigenfunctions f (y) ,  a$ (y ) ,  G(y)- and 0(y) were p l o t t e d  
i n  Figures  37 and 38 f o r  u ' ,  V I ,  p '  and TI d i s tu rbances .  According t o  
( 3 . 4 ) ,  t h e  complete s o l u t i o n  f o r  a p a r t i c u l a r  d i s turbance  value Q' i s  com- 
posed of t h e  complex Eigenfunction q(y)  and t h e  complex exponent ia l  term 
exp[i(ax + yz - Bt)] .  
va lue  Q' is  of  phys ica l  s i g n i f i c a n c e  i n  t h e  Sense of a measurable value;  
it is ca l cu la t ed  using Equation (3.26). Accordingly, t h e  amplitude d i s t r i -  
bu t ion  of t h e  d i s tu rbance  i n  a p a r t i c u l a r  c ros s  s e c t i o n  x = cons t .  o f  t h e  
f ree  ' e t  is  p ropor t iona l  t o  t h e  magnitude of  t h e  complex Eigenfunction 

. Iq (y ) j ,  whereas t h e  phase angle  I i s  determined by t h e  r e l a t i o n s h i p  between 
t h e  imaginary and real  components of - t he  Eigenfunction. 
amplitude d i s t r i b u t i o n s  and t h e  phase angle  of t h e  d is turbances  were t h e r e f o r e  
ca l cu la t ed  once more from t h e  Eigenfunct ions shown i n  Figures  37 and 38 f o r  
t h e  maximally amplif ied d is turbance  frequency i n  each case. 

- 2 

To be  su re ,  only t h e  real  component of t h e  d i s tu rbance  

The corresponding 

Figures  39 and 40 show t h e  amplitude d i s t r i b u t i o n  of u ' ,  v ' ,  p '  and T '  
d i s tu rbances ,  while  t h e  phase d i s t r i b u t i o n  o f  t h e  u '  d i s turbance  has  been 
p l o t t e d  i n  Figure 41. One can see i n  Figure 37 t h a t  f o r  M = 0 (Case 1) t h e  
real  component f and t h e  imaginary component f of t h e  u '  d i s turbance  have 

a common zero  p o i n t  f o r  y < 0 .  
amplitude d i s t r i b u t i o n  of t h e  d is turbance  (Figure 39) l ikewise  becomes zero 
a t  t h i s  po in t  and that the d is turbance  phase is r o t a t e d  through an angle  o f  

d i s turbance ,  as well as t h e  a s soc ia t ed  phase r o t a t i o n ,  were a l s o  found by 

54 

r i 
It follows from t h i s  t h a t  t h e  a s soc ia t ed  

180' (Figure 41) .  This  zero po in t  i n  t h e  amplitude d i s t r i b u t i o n  of t h e  u '  - /65 
_ _  - ~ - - -  . -  - 
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Freymuth [ll] i n  an experimental s tudy  on t h e  s t a b i l i t y  of  t h e  f r e e - j e t  
boundary l aye r  a t  low v e l o c i t i e s  ( see  Sect ion 1 ) .  Figure 39 shows t h a t  t he  
zero po in t  disappears  under t h e  e f f e c t  of compress ib i l i ty  and t h e  amplitude 
subsequently e x h i b i t s  only a r e l a t i v e  minimum which becomes l e s s  and l e s s  
pronounced a s  Mach number inc reases .  Correspondingly, t h e  phase d i s t r i -  
bu t ion  of t h e  d is turbance  e x h i b i t s  no phase d i scon t inu i ty  f o r  M > 0 ,  bu t  
r a t h e r  only a s t e e p  phase s lope  which l ikewise  disappears  with increas ing  
Mach number (Figure 41) .  

Figure 42  shows a comparison of t h e  amplitude and phase d i s t r i b u t i o n s  
of t h e  u '  and v '  d i s turbances  of t h e  first and second mode a t  Mach number 
M 1 . 6  and environment temperature  5; = 0.6 f o r  t h e  drawn-in d is turbance  2 
frequency B = 0.0542. 
ex ten t  for t h i s  d i s turbance  frequency. 

Both d is turbance  modes a r e  amplif ied t o  an equal 

9. Appendix 

9.1 A Lower L i m i t  f o r  t he  Phase Velocity of Spacially Amplified 
Disturbances 

If t h e  d i f f e r e n t i a l  equation (3.19) is r e w r i t t e n  by introducing a 
func t ion  

~. --. 

t h e  r e s u l t  i s  

If t h e  i n t e g r a l  expression I 

I 
I 

. - _ -  , _. _I___ - 
-- r 

j j;$ L(V) - v  b(Y)] d y  = 0 3 (9 .3)  , 
' -ce 

. .  _ _ _ - -  
I 

is now formulated and t h e  boundary condi t ions  (3.27)  a r e  taken i n t o  consider-  /66 
a t i o n ,  t h e  r e s u l t  is 

c_ 



+lVl2 * 5- ( u  - C r ) ]  d y  = 0. ' T  
_- ... . .  . .  --, . . 

This i n t e g r a l  - can only disappear f o r  amplified d is turbances  i f  
expression u . -  c 

obtained f o r  cr:  

becomes negat ive  within t h e  f low,  s o  a lower l i m i t  i s  r 

_. _ _ _  - .__ .- _. - -- 

_ _  

I 
I 
i I (9.4) 

t h e  

(9 5) 

If t h e  imaginary component of  t h e  i n t e g r a l  expression (9.3) i s  evalu- 
a ted f o r  timewise-amplified d is turbances ,  it i s  poss ib l e  t o  de r ive  a l ower .  
and upper l i m i t  f o r  cr (see equation (5.2)) .  

The Behavior of the Eigenfunction 4 i n  t h e  Vic in i ty  of the C r i t i c a l  
Layer f o r  Neutral Disturbances 

- ._ _ .  _ .  
- 

9.2 

obta ins  

Assuming t h a t  th'e c o e f f i c i e n t s  of t he  d i f f e r e n t i a l  equation (3 .19 )  can 
be expanded i n  terms o f  powers of y - y i n . t h e  v i c i n i t y  o f  y = yc, one 

C 
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_ _  . -  

Thus, as an approximation, it i s  p o s s i b l e  t o  s e t  
. - -  

I (9.7) 
I 
j 

f o r  (3.19) i n  t h e  v i c i n i t y  of y = y with 
C' 

According t o  Kamke 1141, t h i s  d i f f e r e n t i a l  equat ion  has  t h e  l i n e a r l y  inde-  
pendent s o l u t i o n s  

_ _  -__- - - - - _- - _ _ _ _ _  . - .  

'p1 = ( Y  - Y &  ( Y  - Y J ,  

! 9. = svl log ( y  - Y,) "S,(Y -YJ, 
! 

1 1  

I 

--with 

The c o e f f i c i e n t s  ai and bi a r e  determined by s u b s t i t u t i n g  t h e  s o l u t i o n s  

. -  -7 (9.8) i n t o  equat ion _(9.7); - _  - -  

j 

C + D  1 - II - __Y -- .5 
al  - 2 - 2 i i c l  

= -g- 1 [(C 4- D)(C + 2 )  D +- E ]  
a2 

. .  

b,= - - [ D ( C  1 - 3 a l ) + E ]  
2 
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(n) a r e  and a l l  d e r i v a t i v e s  4 1 I n  t h e  c r i t i c a l  l a y e r s ,  +1 and 

2 

2 
r e g u l a r ,  whereas a l l  d e r i v a t i v e s  + (n) become s i n g u l a r  l oga r i thmica l ly  i f  

t h e  c o e f f i c i e n t ' D  does not d i sappear .  
I 

9.3 The Subs tan t ia l  Change I n  The Timewise Mean Value o f  t he  Kinetic 
Disturbance Energy I 

If t h e  first equation of t h e  system (3.1) i s  mul t ip l i ed  by u ,  t h e  
second equation by v and t h e  t h i r d  equat ion  by w ,  and t h e  equation a r e  

;summed, t h e  mechanics energy equation f o r  f r i c t i o n l e s s  media i s  obta ined:  - - __ -. r _ -  

- . .  _ -  

. . . . . . . . . . .  L _ _ _ _  . ...... .. ..... .. .. 

* where 
. . . . . . . . . . . . . . .  . . . . . .  -__.. ...... 

- -- If t h e  d i s tu rbance  equation (3.2) is  s u b s t i t u t e d  i n t o  (9.10), a l l  terms 
again drop out  which conta in  only-principal-flow q u a n t i t i e s .  
and h ighe r  order  terms i n  d is turbance  q u a n t i t i e s  a r e  neglec ted ,  one o b t a i n s ,  

If a l l  t h i r d  

- _._ - - - - - through time-averaging, 

. .~ .  
I .  . . -  ....... . . . . .  . .  

- *  
(9.11) 

- _  ___ _ -  - 

If-one uses  t h e  d is turbance  equation ( 3 . 2 )  i n  t h e  first equat ion  o f  t h e  
system (3 .1)  and determines t h e  time-average va lue  i n  t h e  same manner, one 
can s e e  t h a t  t h e  r i g h t  s i d e  of (9.11) becomes ze ro .  One thus  o b t a i n s  

. . . . . . . . .  . . . . . .  . .  - .. I . . . .  . .  -- 

........ , . .  . .  - ........ . . -  . - -  .~ . .  ~. 

58 
I ,  



If t h e  r e s u l t s  of t h e  l i n e a r i z e d  s t a b i l i t y  s tudy (3.5) a r e  s u b s t i t u t e d  
i n t o  (9.12) , t h e  two terms on t h e  r i g h t  s i d e  a r e  then 

/ 

I 
i 

i *  

1 
- ' ,  I 

-1 - -- . _  _ _  
I d i i  1 -  du' I i p R e < a r p f >  -- 1 'p u'v'  - z - I 

dY d Y '  I I 

- 
1 

i r(9.13) 

1 .  

' !  
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, 
I 

For t h e  spec ia l  case of n e u t r a l  d i s turbance ,  t h e  d is turbance  ampli- 
tude may not  undergo a change, and t h e  l e f t  s i d e  of (9.12) must disappear .  
This i s  v e r i f i e d  by ca l cu la t ing  out  t h e  terms on t h e  r i g h t  s i d e  f o r  
a = 0 .  Af te r  a number of intermediate  computations, one ob ta ins  - i  I 

, 

I 

.... .. .. ...................... 
~ I j I . .  

--.. ................. ..... .~ . . .  .-. . .  . .  - .  . ~ _ _ _  - .~ ~ 

For n e u t r a l  subsonic and son ic  d is turbances ,  @ is r e a l ,  and both terms 
disappear  s epa ra t e ly ,  whereas f o r  n e u t r a l  supersonic  d is turbances ,  only 
t h e i r  sum becomes zero.  With t h e  a i d  o f  (5.15), one can show t h a t  f o r  
n e u t r a l  supersonic  d is turbances ,  t h e  expression 
Wronskian determinant W: 

is i d e n t i c a l  t o  t h e  
-T I 

! 
_ _  _ -  _ - -  _ I _ _ _  - -  _ _ _  - - i - 

I 
(9.15) 

i 
I 
I 

- _ L _ - -  - - - - .  - - 

1 

(9.14) , I 

Thus f o r  t h e  Reynolds shear  s t r e s s e s ,  one ob ta ins ,  with (5.21) and 
I 

. I ...... .. ._.-_ ....... 

....... . . .  .. .. 

I 
(9.16) 

I 
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9.4 T h e  Behavior of the  x Function i n  t h e  Vic in i ty  o f  the C r i t i c a l  Layer /70 
1- 

i For Neutral Disturbances 
I 

With t h e  a id  o f  ( 3 . 1 7 ) ,  i t  i s  poss ib l e  t o  e l imina te  t h e  Eigenfunction 
from (7.1)  s o  t h a t  t h e  func t ion  x can be  _ _  represented i n  t h e  form- _ _ ~ _  . _ _ _ _  1 

. .- . 



c , ... . .  . .  . . . -~ 

For n e u t r a l  d i s tu rbances ,  however, t h e  behavior  o f  t h e  Eigenfunction + ' 

I 
1 
i 

, i n  t h e  v i c i n i t y  of t h e  c r i t i c a l  l a y e r  i s  known; from equations (5.9) ,  
(5.10) and (9.8) ,  one ob ta ins  

with 

! 

(9.18) 
i . .' 

+ v3i i - - 3  
v2 ' and v3 = V3r 

--I -- 

For t h e  behavior  of t h e  x func t ion  i n  t h e  v i c i n i t y  o f  t h e  c r i t i c a l  l a y e r ,  . 

one thus  ob ta ins  

(9.19) 

x t h u s  remains r e g u l a r  f o r  a l l  n e u t r a l  d i s turbances  i n  t h e  c r i t i ca l  
l a y e r  and assume t h e  va lue  t h e r e  of 

(9.20) 

b-.. . .-:._ ~. . . - -  . . __ 
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- _- 
wh-ich .is independent of t h e  Eigenvalue a. 
s ingu la r  i n  t h e  c r i t i c a l  l a y e r  and undergoes a jump, due t o  t h e  a n a l y t i c a l  
extension of t h e  logari thm, f o r  nega t ive  arguments, by t h e  amount 

The d e r i v a t i v e  x 1  becomes 

I i 
I I . ~ .. I - .- - ..- - 

iY 
- e ) ]  =in =-C D. ' Lim [ x ' ( y , + ~ ) -  ~ ' ( y ,  

: E+O . Tc 
.......... .. ....... ................ . ._ ............................. 

I 
I 

(9.21) 
I 
i 

, I 
i 

For n e u t r a l  subsonic  and sonic  d is turbances ,  D = 0 ,  and a l l  d e r i v a t i v e s  
of x a r e  l ikewise  r e g u l a r .  

equal t o  0 i n  t h i s  case ,  so x 4s r e a l  over t h e  e n t i r e  i n t e g r a t i o n  range, 
whereas x i s  t o  b e  taken as complex f o r  n e u t r a l  supersonic  d is turbances .  

In  accordance with Sec t ion  5.2,  u3i can be  s e t  

._ 

9.5 The  Disturbed Laminar Boundary Layer i n  Compressible Fluids a s  an 
Acoustic Source I 

From t h e  system of equat ions ( 3 . 3 )  one o b t a i n s ,  by so lv ing  f o r  t h e  
p re s su re  f l u c t u a t i o n s  p ' ,  t h e  equat ion I 

I 

~ 

. 

(9.22) 

i 
A t  t h e  edges of t h e  boundary l a y e r ,  t h i s  d i f f e r e n t i a l  equat ion,  with 

i ' (4.2), becomes 

I _- - -_ _ _  _ .___- - - _  - 

and 

........ .. - -  . . . . . . .  . . . . . . .  
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One thus  ob ta ins  t h e  honiogeneous acous t i c s  wave equat ion f o r  t h e  Propa- 
ga t ion  of sound i n  a f l u i d  flowing i n  t h e  x d i r e c t i o n  a t  Mach number M o r  
f o r  t h e  propagat ion of sound i n  a f l u i d  a t  r e s t .  
reg ion ,  however, t h e  inhomogeneous wave equat ion with t h e  source terms 

I n  t h e  boundary-layer 

i 
. .  

........ ... ................................. - 
I I 

i 

I 
, (9 .25)  , 

i 

I 

I . .  
app l i e s ,  i . e . ,  reg ions  wi th in  t h e  d i s tu rbed  laminar ,  compressible flows with 
non-zero v e l o c i t y  g rad ien t s  o r  temperature g rad ien t s  are t o  be considered 
as source reg ions  f o r  p re s su re  f l u c t u a t i o n s  and thus  ,as sources  i n  t h e  
acous t i ca l  sense .  I 

I 
Note '/73 - 
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Figure 1 .  
Layer From a Plane Vortex Laver Under t h e  Influence o f  

The Development o f  a Plane Free-Jet  Boundary 

F l u i d  Frict . ion (Schematic). 
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Figure 2 a. 

Spacially AmplSfied Disturbances of the Lock Profile 
As a Function o f  Reynolds Number Re for Constant 
Amplification Parameter a i  in Incompressible Media 

The Wave Number ar of Two-Dimensional, 

(According to Lessen and KO [26]). 
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Figure 2 b. The Wave Number o", o f  Neutral-Disturbances 

i 

o f  Lock Profile as a Function o f  Reynolds Number Re in 
Incompressible Media (According to Lessen and KO, [ 2 6 ] ) .  
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Figure 3 .  The "Spacial" Amp1 ification Parameter ( i  .e., 
The Timewise Amplification Parameter Transformed With 
The Phase Velocity of the Disturbance) For Two-Dimensional 
Disturbances of the Hyperbolic-Tangent Profile as a 
Function of Wave,Number for Constant Reynolds Numbers in 
Incompressible Media (According to Betchov and Szewczyk, 

[ I ] ) .  
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F igu re  4. The Component o f  t he  P r i n c i p a l  F low 
(Lock P r o f i l ' e )  fo r  Various Mach Numbers M and 
Environment Temperatures y2 f o r  A i r .  
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Figure 5. The Component of the Principal Flow 
For Various Mach Numbers - M and Environment Temperatures 

T2 for Air. 
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Figure 6. Temperature Profiles =? o f  the Principal Flow 
For Various Mach numbers - M and Environment Temperatures 

T2 for Air. 
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Figure 7. Plot of the Function (;'/-'Versus y For 
Various Mach numbers M and - Environment Temperatures 

T2 fo r  Air .  
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F igu re  14. A m p l i f i c a t i o n  Parameter -a.  f o r  TWO- 

Dimensional, S p a c i a l l y  Amp l i f i ed  Disturbances o f  t h e  
Lock P r o f i l e  ( F i r s t  Mode) As a Funct ion o f  Disturbance 
Frequency $ and t h e  Mach Number M f o r  t he  Environment 

I 

Temperature y2 = 1 .  
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Figure 15. Amp1 ification Parameter ' a  for Two-Dimensional 

Spacially Amplified Disturbances of the Lock Profile as a 
Function of  Disturbance Frequency B and Mach Number M for the 
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I 
Environment Temperature y2 = 0.6 (Cooled Free Jet). 
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Figure 17. Wave' Number a for Two-Dimensional, Spacially r 
Amplified Disturbances of the Lock Profil;! as a Function 
of Disturbance Frequency f3 and Mach Number M for the 

Environment Temperature T2 = 1 .  
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F igu re  18. Wave Number ar f o r  Two.-Dimensional, S p a c i a l l y  

Amp l i f i ed  Disturbances o f  t h e  Lock Profile as a Funct ion 
o f  Dis turbance Frequency 6 and Mach Number M for t h e  

Environment Temperature y2 = 0.6 (Cooled Free J e t ) .  
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F igu re  19. 
- A m p l i f i e d  

Wave Number a f o r  Two-Dimensional, S p a c i a l l y  r 
sturbances o f  t h e  Lock P r o f i l e  as a Funct ion 

o f  Dis turbance Frequency 
Environment Temperature y2 = 2 (Heated Free J e t ) .  

and Mach Number M fo r  t h e  
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Figure 20. Phase Velocity c = B/ar for Two-Dimensional, r: 
Spacially Amplified Disturbances of the Lock Profile as a 
Function of Disturbance Frequency B and Mach Number M for 
the Env i ronment Temperature y2 = 1 , 
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F igu re  21. Phase V e l o c i t y  c = B/ar f o r  Two-Dimensional, r 
S p a c i a l l y  A m p l i f i e d  Disturbances o f  t h e  Lock P r o f i l e  as a 
Funct ion o f  Disturbance Frequency B and Mach Number M f o r  
t h e  Environment Temperature T2 = 0.6 (Cooled Free J e t ) .  
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F i g u r e  23. 
of t he  Lock P r o f i l e  f o r  Various Mach Numbers M and 

Vor tex-Strength D i s t r i b u t i o n  Q(y) = - d;/dy 

Environment Temperatures 7 f o r  A i r .  
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F igu re  26. f o r  Two-Dimensional, 

S p a c i a l l y  A m p l i f i e d  Disturbances o f  t h e  Lock P r o f i l e  f o r  
Constant Disturbance Frequency $ = 0.08 as a Funct ion o f  
Mach Number M f o r  Various Environment Temperatures y2. 

Amp1 i f  i c a t i o n  Parameter -ai 
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Figure 27. Effect of the Isentropic Exponent K of the 
Gas Upon the Amp1 ification Parameter -a i  

Dimensional, Spacially Amplified Disturbances of the 
Lock Prof i le for Several Values o f  Mach Number M a n d  

for Two- 

Envi ronment Temperature y2. 
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F i gu re  31. Neu t ra l  Wave Numbers a o f  t h e  Lock P r o f i l e  as 

a Funct ion o f  Mach Number M f o r  Var ious Environment Tempera- 
t u r e s  T2 and Disturbance Angles o f  Incidence 0 .  

With t h e  Resul ts  o f  Lessen, Fox and Z ien  [251 f o r  

N 

Comparison 

K - 1  - 
T2 = 1 + -M2. 2 
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F igu re  32. The A m p l i f i c a t i o n  Parameter -"- f o r  Three- 

' Dimensional, .Spacfal l y  Amp1 if ied  Disturba.nces o f  t h e  Lock 
P r o f i l e  as a Func t i on  o f  Disturbance Frequency B and Mach 
Number M - f o r  t he  Environment Temperature T2 = 1 .  
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Figure 33. The Amplification Parameter -ai for Three- 

Dimensional, Spacially Amplified Disturbances of the Lock 
Profile as a Function of Disturbance Frequency B and Mach 
Number M for the Environment Temperature y2 = 0.6. 
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Figure 35. Amplification Parameter -ai for Three- I 
I Dimensional, Spacially Amplified Disturbances of the I 

Lock Profile as a Function of Disturbance Frequency 6 I 
1 

t 

1 For the Mach Number M = 2 and Various Environment 
Temperatures y2. (Note the Different Scales for 
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I Di sturbance Frequency B .> 
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Figure 37. 
@(y) o f  the u ’  and V I  Disturbances (0  = 0’) at Maximum 
Amplification for Various Mach Numbers M and t h e  Environment 

Curves o f  the Complex Eigenfunctions f ( y )  and 

Temperature = 1. 2 
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Figure 38. Curves of the Complex Eigenfunctions i ( y )  and . 
0(y)  of the p ’  and T ’  Disturbances at Maximum Amplification 
For Various Mach Numbers - M and t h e  Environment Temperature 

I T2 = 1 (0  = O O ) .  
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Figure 39. 
The u' and V I  Disturbances (0  = 0') at Maximum 
for  Various Mach Numbers M and t h e  Environment 

Amp1 itude Distribution I f  (y) I and 

- 
I , T2 = 1 .  
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Figure 40. 
The p '  and T I  Disturbances (0  = 0') a t  Maximum Amplification 
For Various Mach Numbers M and the Environment Temperature 

Amplitude Distribution Ir(y)I and l O ( y > I  of 
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F i gu re  42. Ampl i tude D i s t r i b u t i o n  (-) and Phase ( - - - ) .  
Of t he  u '  and v '  Disturbances (0  = OO), F i r s t  and Second 
Modes, of the  Lock P r o f i l e  f o r  t h e  Disturbance Frequency 
B = 0.0542 and t h e  Mach Number M = 1.6, Environment 

Temperature y2 = 0.6. 
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